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Relation and Function

Let ug take u
T P an angt
ol ] noth 3
relation " ig divigor of er exampla Where A= 3
+4:6land B~ (4,8, 15 1] -
» 9 Lla, mdnhh

Chapter
2
12,6R18
), (4
e ]a,z), (4,12). (6,12). (6,18)]

bmpty sets Then a i
relation or binary relation R‘f)'r:m 1o 86 follows Let
A to B is subge ety
AT 0 Non—

ordered pajr
(x,y) where
XeA and veB fi
or which

/

QUESTION-ANSWERS
A=la,b,cl toB={1,2}.

of m and n elements. Since R
f Subsets of AxB is 2mn_

Q6. Define the f,
: ollowin
(i) onto function STaE comoepg Eiving one

(i1) Antisymmetﬁ
ssw c i
i) Unie o po ::slatmn or set
(iv) Parti
el -
[ » 1 to function -
mentx ¢ A sty = f (o on : Let yg define a function ¢ ¥ 2011 ; Dec. 207 2004
Ther s e onf:A B g anyye 31; )
Some

emrleofeach:

umbers of relation from
o sets consisting

Q 1. Find the nn
the total Number o

Solution. Let A and B be tv
and O (AxB) =0 (A) O (B)=mn, So

2mn relation from A to B.
2 _ 90(AxB)
Hence total number of relations from A;Z B=2

_ 00(ALOB) = 232 = 2. :
=29 eE"I"e“.'I"Ideﬁnesdbyf(x)_

2_1. IV;’here I be the set of integers SX¥xel

ere f(1)= .
(@) =18 f(0) = 0, f(~1) Sap - f
-~ fis onto,

Further let £: N s
: R defined b
Y £(x)=x2 y
XeN

ula for the inverse ofg (x) =X
Here f is not
(s
nto, as corresponding to S
negative real
Numbe;

Q 2. Find the form
y=x2+l:>x’~’=y-1:>x= t\/}_—_l

Solution. Let g (x) =
glly) == Jy-1 is the required formula. _
wing with examples. (PTU, May 2011
empty sets Then the mapping or corr

t x of X to a unique elementy y of Yo
lled preimage of y. we write it as y =

—

Q 3. Define function the follo

Solution. If X and Y are twonon-
X to Y is a rule which assigns every elemen
image of x under f. and the element x 1s ca
function form X to Y denoted by £X Y.
n the following with examples.
Solution. We shall understood relation with the help of following ez

be the set of all males and females in the royal family of Dashrath kingdom.
Bharat, Shatrughan] k-

A =[Dashrath, Ram, Laxman,
B =[Kaushalya, Kaikai, Sumitra, Sita, Urmila, Mandvi, S
If we have the relation R "was husband of " between the elements of A
So Dashrath R Kaushalya, Dashrath R Kaikai, Dashrath R Sumitra, R
R Urmila, Bharat R Mandvi, Shatrughan R Shrutkirti.

onto function
into function

(ii) Antisymmetp;
tric relation - .
<A, aRb, bRa Thes - tion : A relation R on set A i said to be

; be antisymmetric iff

Q 4. Define relatio

Thi 2kl
his relation iz antisymmetric ag VX, yeN
ym yE

So In other words we can write
R =[(Dashrath, Kaushalya), (Dashrath, Kaikai), (Dashrath S
(Laxman, Urmila),( Bharat, Mandvi) (Shatrughan, Shrutki
E XRy = x / y
; ny = y/x] D X= y

clearly R c AxB.

14



(iii) Union of Two Sets : Let A and B be two sets then the set consiﬂtﬁé

Relation and Function

which 'Flilther belong to A or to B (or to both) is called union of A and B. It is written as 5 Q 7. Define par
o AUB = {x: xeA or xeB) R Solution. A Re
(i) R is reflexive

clearly x € AUB = xeAorxeB
Venn Diagram for AUB is given by

(ii) R is antisym
(ii1) R is transitiv

e.g. IfA ={1,2}, B={3,4,5,2}

Here AUB ={1,2,3,4,5} :
(iv) Partial order relation : A Relation R on set A is said to be partial or
(i) R is reflexive

(ii) R is antisymmetric

(iii) R is transitive

Then the set A with partial order Relation R is said to be poset.
e.g : Let P (A) be the power set of A and R be a Relation on P (A) ¢

X,Y)eR iff Xc Y Then R is partial order relation on P(A).

Solution. 3
(i) Reflexive : As every setXisa subset of itself .. XcX = (X,X)eR .. Ris reflexive

(ii) Antisymmetric : 3 X, Y eP(A) st X.Y) €R, (Y, X)eR Then X=Y

Q 9. The relat
(i) Reflexive

B TN

¥ (¥, X eR>YcX
(iii) Transitive : 3 X, Y, ZeP(A) . we have (X,Y) €E5 (Y, 7)eR Then (X,Z) €

{' \= 5‘- R
(1,4), (4,2) eR = (1, 2) eR

Now (X’Y)ER=>X-C-Y]:>(XQZ)ER . Ris transitive

(Y,Z) eR=>YCcZ

Hence R is partial order relation on P(A).
5} define function f: A — B such that

. Q6.LetA=B=1{1,2,34
function.
A > Boluﬁon- Given A=B= [1, 2, 3, 4, 5] (3’ 1)’ (1, 3):‘.,
- ﬁ- . Now function f: A—>B defined by f(x) =x ¥x0€ A - Relationt
iy r (1)~ 1, 2)=2,£(9) =3, f()=4and (D) =5 A -
A .. Different elements of set A have different images in set B . f is one-or b
~ Also corresponding to every element in B has a pre-image inB .. fis n,

8,1)(1,2)

)
TR
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a.a)eRyzacA i

Then R on A is said to be reflexive iff (

eg. 1. LetA=11,23IThenR={ 1519,

oflexive as (3,3)¢R,; where 3eA

{ 3)isnotr o
R, = {(1,1), (2,2), (1,3 and P(A) be the power set of A Thep

.  wol
e.g. 2. Let A be any Non empty SC
defined as ARBiffAcB
Ifis a reflexive relation as e
Let R be a relation on L (set of lines
<l i flexive relation as every line 1s parallel to itself.
Then it is a refle 3

i N defined by x
. 4. R be a relationon ! 3
= 5 er than or oqual to itself.

a subset of itself.( AcA)

every set 18

w

eg.

number is great

L Dot A sy o e Ofpf‘;:iti?‘; such that a = b%. Which one of
. s istsa K e4
by a R b if and only if there exis
belongs to R? (i) (16,256)
() (8,128) (iv) (169, 13) - (PTU, De
(Slul) (tlil’s)G' n A = Z+ be the set of +ve integers and R be the relationig g
olution. Given A =

aRbiffSake Z* o3t
st a=bkas 169 = 132, wherek=2 €4

- (169, 13) R .. Ans. (iv)

+

Q 12. Check whethe~relation of divisibility on the set N 0fp051t.1v

t? Justify your answer.

- tion or no e B o i
equivalence rela - Relation | of divisibility isreflexive

Solution. Asa/a y¥ae N
1z(a. b) < N s.t a/b, it does not means b/a 3
as 1/2 but 2/1 .~ Relation Ofdi\"fsib]h‘f}’ is not sym.r*e]t:cc.e .
Thus relation defined by divisibility is not an equivale

Q 13. Define an equivalence relation and give an example of the

(PTU, May 2012, 2011, 2

OR

What are the properties for a relation to be equivalence relation &

Solution. A relation R is said to be equivalence relation on non-empty:
iff B is reflexive, symmetric and transitive on A
(i) Beflexive 3 lel , (I, l)eRas i | 1] ieevery time is | |-to itself.
/ C11CA by (]
1 =R Then (L,l)eR
(i) Symmetric : 3 [,l,eLif(I,l,)eR Then lo)ly)

Now (L) eR = L1111, =1, I, =(l,1l)eR

ive: ¥ ‘ )eR Then ([,,l,)eR
(i) Pransitive - #1,,0, 1, € Lif(1l) €R, (U, l,)eR Then ([,l5)

Relation and Function =

2 9). (3.3), (1,2)) is reflexive relation on A

a plane) defines as follows b
integral root.

Ry iff x>,y Then R be reflexive ag

‘_—'ﬁ‘qﬁ‘?“—-__"_?_ . v = 19
Now (II'IZ)ER = 11”12] :lll ”3 D“IJB)G.R z

(12,/3)6 R = [2"[3

Hence R is reflexive, symmetric and transitive on I, - i WMIencerelahon L
% on
Q 14. Suppose g (t) = t3 . 242 _ 6t-3,

Findﬂlerootaofg(t),mmingg(t)ham;

Solution. The given polynomial is EW=13422 g 5 (PTU, Dec.2002)

: ' i the ST )

Clearly t = —1 satisfies given equation - i % iz ()
= rootofeq (1) oo %

- By synthetic division method, we have ¢4Msot+ lisafactorofeq. (1), -

-

=1}j1 =2 -6 =1
-1 3 3
J =33 [ o

~. quotientis given by t2— 3t _3— g AL 3+21
2

- roots of g (t) are —1, 3 i2~/2—1 :

Q 15. Show that the relation of being associates in an equivalence relationin a

= ‘ (PTU, Dec. 2002)

Solution. First of all, we define associates in a ring R.
Ifa,b#0e Rthenaandbareassociatesiﬁ'alb,hla
Further let us define a relation of associates ‘'s'on R '
asasb < aand b are associates i.e. a/b, b/a

Now we want to prove that ‘s’ is equivalence relation in R

Reflexive : Asa/a . aisan associates of a

L.asa=—sis reﬂexive;.

Symmetric: ¥ a,b#0ec Rstasb4a is an associate of b

= a/b, b/a = b/a, a/b = b and a are associates

therefore bs a = s is symmetric. e
Transitive : Let a and b are associates in R i.c. a/b, b/a S G )
also b s ci.e. b and c are associates -. ble, /b : ek
Now a/b, b/e = ale

also ¢/b, b/a => c/a

-, a/e, ¢/a = a and ¢ are associates.

S asc ., sis transitive,

~. '8’ is reflexive, symmetric and transitive, 53
Thus s is an equivalence relation in a ring R. i &




LOID Discre,

= thon. Gi;'c example.

1to func
Q 16. Define one-one and or 5 . :
s sotive and bijective with examp le.
subject1 to be one-one or injective if differeng

Define the term im’ectivc: o
Solution. (DA function f: X

have different images.

s said

. X {(x;)
EXS.t.\'liK._,_ﬁf(.\l):‘-‘ (6.5

* AL X, Xo o bl
Le. Sl i
1 c) = (X)) W¥EXX€
if f(x,) =f&
or
It is abbreviated as (1-1) F !
——
e.g. 1. -

5 v
X ————

fis not 1-1 because the
is 1— quse different 2 € X have same :
I 2 is 111::: different images. elements 1,2 €

elemen

f(x) =x2xeN

e Pl ent have different images.

It is 1—1 because different el;mf( )
. N defined by (%) =

e.g.3.Letf:R— / E

It is not 1-1 (many one) as different eleme

x? yzxe R
s have same images. (--

image 4) ‘
(ii) Onto or Surjective funcfu{x}: :
Let f: X— Y be a function Th?n fis sai

X i.e For onto function we havet fX)=Y
otherwise it is said to be into.

d to be onto if each element in Y h

e.g. 1. & f ;
L¢3 p 3 x
—_— > e
. 1 = a\
1 > a |
{_b 2 ob |
> c
3
e C
3 =

i i ei
(i) f is onto as corresponding to every elem.ent in Y has a preimag
(ii) f is not onto as beY we have no image in X. , >
e.g. 2. Let f: X »Y be a function defined by f (x) = x* ¥ xe

= RiE 1 numbers)
Where X =N : Y =R (set of rea ‘ g
Here fis not onto as corresponding to every negative real numbe |

Relation and Function

(iii) one-one, onto or Bijection «
A function f: X5y j5 bijeci:iv frs "

f
& Y

Here fis 1-1 as well ag onto -, It is bijecti

©-8. 2. the function £ Q >Q defiued by £(a}e 2prs ¥xeQTtis 1-1 and onts

For1-1: ¥xycQstf x)=f (Y)=2x+1 = 2y+1:=x,-_~y ~figi=y
onto : ¥yeQ Then f(x) — ¥ =2x+1— %= Y_;.l

ek = = -
Clearly ¥yeQd L= cq st (yTl) =2 (12_1) e

" fis onto
.. fis 1-1 and onto So fis bijection

Solution. (a) Here R be a set of all pairs a and b
s.t(a,b) e Riffa and b are mathematicians that have been_co-a:nﬂmtsnn a paper.
Clearly R is reflexive as (a,a) eR o :
Further if a and b are mathematician that have been co-authors on a paper thenbanda 5
are also co-authors on a paper .. R is symmetric. - ' 38
Ifa and b co-authorson a paper and are mathematicians and b
Then it is not necessary
. Ris not transitive.
Thus R is not an equivalence relation.
(b) Let R be a relation from A to B -
Then aRoRb iff for same b e B, we have (a, b) eR

and cco-authors on &ilipé.; P
that a and ¢ are co-authors on a paper. 3 R,



b) where a and b are maf

Thus RoR means it is the set of all pairs (3,
co-author on a paper. -
(c) Here we need: mathematician ¢ which is a co-author of a an
- Transitive closure of R is given as under | ;

R=or B* = {(a, a), (a, b), (b, a), (b, b), (¢ ¢), (¢, b), (b, ¢), (a, c), (e, a
is transitive also and b '

Clearly R* is an equivalence relation as R*
b) gives the set of mathem

and symmetric.
(d) Here, the set of all ordered pairs (a,
Consider the collection S of (a, b) as
S = ([(a, b)], [(b, a)]} since (a, b) and (b, a) are n

. We can't form a partition on set of mathematicians.
Q 18. Consider the following relations of the set A=(1,2,3
G R={(1,1),1,2),d,3),3,3)] ]
(D S = {1, 1), (1, 2), (2, 1), (2, 2), (3, 3)] ;
@Gii) T = {(1, D), (1, 2), (2, 2), (2, 3)}

(iv) ¢ = Empty relation.

(v) U = Universal relation

Determine whether or not each of the above relations on A
(a) Reflexive (b) Symmetric (c) Transitive (d) Antisymmetri

(ii) Let A = (1,2

Solution. (a) Reflexive :

(i) Since (2, 2) ¢ R .. Ris not reflexive

(i) As (1, 1), (2. 2), (3,3) eSbut (4,4) €S .~ Sis not reflexive

(iii) (3, 3) €T . T is not reflexive e ;
) B : ; ; - (iii) Let R be a

(iv) Empty relation on a non-empty set A is not reflexive : desneal Y

3 (ll’ ll) ER"

Further ¥

(v) Universal relation is always reflexive.
- (I, 0y) R

(b) Symmetric :
(i) As (1, 2) eR but (2, 1) R .. Ris not symmetric

(ii) S is symmetric as (a, b) eS = (b, a) €S

(iii) T is not symmetric as (1, 2) €T but (2, 1) €T

(iv} ¢ defined on a non-empty set is always symmetric
(v) U defined on a non-einpty set is always symmetric.

(e) Transitive :

1) If(a, b) R, (b, c) eR then(a, ¢) R .. Ris transitive.
(1i) Clearly S is transitive

(iii) As (1, 2),(2, 3) €T but (1, 3) ¢T .. T is not transitive
(iv) ¢ defined on non-empty set is always transitive,

(v) Uis always transitive.

- (d) Antisymmetric : :
(i) Relation R is antisymmetric if (a, b) €R, (b,a) eR Thena=b

Clearly R is antisymmetric !
(ii) Here (1,2) 5,(2,1) eShut 1 #2 ., Sis not antisymmetric.

)Here (1,2),(2,1) Thut 1 #2 ., T is not antisymmetric.

(a) Reflexivi
(b) Symm§

(3



24 LO3IDS Discrete gy

(v) Let A = (1, 2, 3] and let us define a relation on A

ne Re=101, 13, (2.2 (1. 2), (2, 1)}
Clearly 1t is symmetric and transitive but not reflexive as (3, 3) ¢R.

Q 20 Define composition of relations with example.

Let A =(1,2,3,4}, R=(1,1),(1,2), (2,3), (2,4), (3,4), (4,1), (4,2))

e.g.
and S ={(3,1), (4,4),(2,3), (2, 4),(1,1), (1,4))
Then, SoR = ((1,1), (1,4}, (1,3), (2,1), (2,4),(3,4), (4,1), (4,4), (4,3)}

Q 21. Prove that “congruence modulo H,a=b (mod H)” is an equivalence pg :

(PTU, Dec, 20

in G.
Solution. The Relation Congruence modulom means
if aRb = a=b (mod H) = a-b is divisible by H.

(i) Reflexivity : 3zaelsta—a=0=0H— a-a is divisible by H = a=ga (mod H)
(1) Symmetry : 3za,bels.ta=b (mod H)TPb=a(mod H) Asa=h (mod H) = |
= a-b is divisible by H .. a-b=Hp Y pel=b-a=H(-p)— Hl|b-a = b-a divisib]e
~ b=a(mod H) i3
(it1) Transitivity : 3za,b,c eIs.taRb—=a=b (mod H) and bRc = b = ¢ (mod H)TP 5
Now a=b (mod H = Hla-b = a-b = Hp where pel
b =c¢(mod H)= Hlb—c = b— = Hq where gel

on adding, we get

= a— = H(p+q) = Hla— = a—c is divisible by H
=5 a =c(mod H) = aRe

Hence the relation congruence mod H is an equivalence relation on I

Q 22. Consider the function f : N > N, where N is the set of natural n
Bed by f (n) = nZ + p + 1. Show that the function f is one-one but not onto.

— N defined by fin) =n2+n + 1 3zn eN

(PTU,
Solution. Let R be a Relation from A to B and S be the Relation From B to C Th.'
Relation SoR from A to C is defined by a SoRe iff for some be B we have a Rb and bSe, for ac A z

(PTU, Dec. 20

[--. n=-m .._

B 2 e

Relation and Function

Q 23. Write all possible refat; 25
A=0] to B = (1, 2], from

Solution. Now we knoyw that R A xp (PTU, May 2009}
Where, AxB =((0,1), 0,2y

~. The possible relations are

#, (0, D}, {(0, 2)), ((0, 1), €0, 2j}.
Q 24. Give an explicit formula for a function Iromthentuthtegentofhentof

positive integers i.e,
(a) One to one but not onto,
(b) Onto but not one to one.
(c) One to one and onto,
(d) Neither one to one nor onto,

= if2.—.-xz+x+1::>x2+x__1___0:x= -1:J5 =

~. fis not onto althoughitis 1 — 1

) Letusdeﬁnef:I—rbef(x):{z > Is an odd integer
~2 ;xisanevenintegu-
Clearly fis not one-one but fis ontg.
(c) Letusdeﬁnef:l—abef(x):x

Clearly it is 1-1 as different elements having diff; i i3
(@ Letus deﬁnef;I_)ber(x)=x2 ¥ing different images also it is onto.

Itisnot 1-1,a52, -2, havingsameimagesalsofisnotuntoas2hashopteimage'ml

. : [‘.' 2=x2 - =
< fis neither 1-1 and not onto. 2ox=+2e])

is reflexive, symmetric and anti-symmetric, (PTU, Dec. 2009)
Solution. Let A = {a, b,cl and R = ((a, a), (b, b), (c, ¢)} be an reflexive relatio; onA

NORNGY
©

As there is aedge fromatoa. btoh and e in -



26

As there is a edge from a to b and back b to a similarly there is an edge from

and back toc to b, a to c. . . -
Let R = ((a, a), (b, b), (c, ¢), (a, b), (b, ¢)] be an antisymmetric relation on A_

&

2

Q26.LetX=11,2,3,4,5,6,7 and R [(x,y) | x-y is divisible by 3]. Check w
this equivalence relation or not? Give appropriate reason in support of your

(PTU, D¢

Solution. Given X = (1, 2, 3, 4, 5, 6, 7]
? o Mo 3]
and R = [(x, y)| x -y is divisible by ey
(i) Reflexive : ¥ x € X, x—x = 0= 0.3 . x—x is divisible by 3

Le. (x,x)eR £
i) Symmetric : ¥x,y € Xs.t(x,y) eRie x—yis divisible by 3

x-y=3p¥peX
but —p ¢ X as X contains all the natural numbers upto 7.

Relation and Function

on adding 27

= (a+d) +(c4f) = (b+c) 4 (d4e)
bie = (ah) Rie,n

Solution.
Let f: XY is invertible T p fis 1-1, on

s.t fog = I, and gof = It:su:?i e Y.
First of all we prove that f s one—one

¥X;, X, €X, fix)) = f(le =g [(f(x
= (gof (x,) = (gof) (x,) = 1
=> X) =X, > fisil~]
Now we prove that fis onto

ToeachyeY3IxeX = g(y)=x
= glgy)] =f(x) = fog (y) =
= ¥ =f(x) . fis onto.
Converse : Let fis 1-1, onto T.P f is invertible
Now fis 1-1 and onto So ¥yeY 3 unique xeX

stf(x) =y
- we can define a function g: Y X

s.tg(y) =xifff(x)=y

Now (fog) (y) = f(g (y)) = £ (x) = Y ¥yeY = fog=T,
(gof) (%) =g (fix)) = g (y) = x ¥xeX = gof =1,
. fis invertible.

Q29.Let A =

x &) =Ty (x,)

f(x) '—‘)IYy:f(x)

(1,2, 3, 4] and let r be the relation < on A. Draw the diagraph of r.

(PTU, May 2005
Solution. Given, A = (1,2, 3, 4) 4 :

VabeAstarb=ac<h

Now 1L=01 :(1,l)er,2s2:>(2,2)er,4£4::~(4,4)er
< 28=1(18) Er,253:9(2,3)Er,3s3=>(3,3)er
Ibashl =(01, 89 €r,2<4=(2,4) er
1<4 =(1, 4) €r,3<4=(3,4) er

r ={(1,1),(,2),1,3),(1,4),(@2), (2,3),(2,4),(3, 3),(3, 4), (4, 4))

G—X&

Digraph of relation r



28 LO3IDS Discrete St

Q 30. How many different reflexive, symmetric relation are there on a set w

three elements?
Solution. Let the set be denoted by A containing three elements
A =|(ab,c]
foranva.be AstaRb=(a, b)eR
Reflexive and symmetric relation with 3 given elements
(1) {(a. a), (b, b), (c, c, (a, b), (b, a), (b, c), (c, b), (a, c), (c,a))
i) [(a, a), (b, b), (¢, ¢, (a, b), (b, a)l
m) {(a, a), (b, b), (c, c), (b, c), (c, b))
iv) [(a, a), (b. b), (¢, ), (a, b), (b, a), (a, c), (c, a)]
v) l(c, a), (b. b), (g, ¢), (a, b), (b, a), (b, ¢), (c, bl
vi) I(a, a), (b, b), (¢, c), (b, c). (¢, b), (a, ¢), (c, a))
{(vii) {(a, b), (b, b), (c, c), (a, c), (c, a))
viii) ((a, a), (b, b), (c, c))
So there are eight relations which are reflexive as well as symmetric on set A.

Q31.Let N=[1,2, 3, ...] and let be the relation on N x N defined by
(a,b)R (c,d) ifa +d=b + c. Prove that it is an equivalence relation.

OR

Solution. (i) Reflexive : (a,b) R (a,b) = a+b = b+a
Which is true as y2a.b,eN commutative law holds under addition.
) Symmetric : 32(a,b), (c,d) eNxN 5.t (a,b) R (c,d) T.P (c,d) R (a,b)
{ab)R(cd) = a+d=b+c=>d+a=c+b= (c,d) R (a,b)
itive - 32(ab), (c,d) (e,§) eNxN s.t (a,b) R (¢,d) and (¢,d) R (e,f) Then (a,b)
(a.b)R(c,d) = a+d =b+c
)R (e,f) = c+f=d+e

= (b+c) + (d+e)
(a,b)R(e,f)

one-one function where Z is a set of intege
relation on A defined as under :

one-one and R be relation on A de

on NxN as It is reflexive, symmetric and transitive.

here k eN prove that R is a partial org

,

(PTU, May ¢

Relation and Function

Since [ (x) = 1. f(x), where 1 29
Let (x,y) eR = f(y) = EN:’“‘”‘R=theﬂqxiva

kf(x), k eN
and (y, x) eR = f(x) = K'f (), k* o«

From (1) and (2), we haye A1)

--A2)
f(x) =kk'f (n) = (
. 1k
butk',keN ~ k=1=k* (as £ (x) « )

- eq (1) gives, [(y) = f(x), as Cik g

3 =0=>k=11-.-.h'
Jﬂm“'inqne-tion has no utility)
: X=y

Thus R is antisymmetric

Let (x,y) eR = f(y) =

kf (x) where k e N
and (y, z) eER = f(z) =

k' f(y) where k* eN
= f(z) = kk'f (x) = k" f(x)
=(x,z) eR

- Ris transitive.

Thus R is reflexive, antisymmetric
= Ris partial order relation on A

Q33.Let A=

ask k' eN = ki’ = k" N
and transitive

11, 2, 3, 4) andletRandSbethemlaﬁonsonAdelcﬁhedby

and Mg =

o =~ O O

0 00 0
0 00 0
0 01 0
1 01

o o O ~
=T

1
0
()}
L0 0

Use Warshall’s algorithm to compute the transitive closure of R U S.
1 U

(PTU, Dec. 2008)
12 3 4

1
Solution. Given, My = =
3
4

also

S =1(1,1),Q,2),(2,2),(3,3), 4,2), (4, 4))

Thus RUS =T=(1, 1), 2), (1,4),(2,2),(3,2), (3, 3), 4,2), (4, 3), (4, 4))
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LY} 210 |
T 23lo 1 1 o

4|0 1 1 1]

11rj1‘;'1101",'1111
01000100 0100
M2 =MrMr=10 1 10/lo110/=|0o110
‘0111”‘011[[0111
111 1]f1101] 1111
o 10 0fl0o 10 0{ 0100
My =M Mr= |, | 4 rjlfrj 110 IU 110
o 11 1ffo11 1] [011 1]
(o B 6 ) I 1 1%
o100[lo100] |010o0
Mpf =MPMr=1g 1 1 0flo110[=[0o110
011 1)fo111] [011 1

[1°154" 1
010 (’.|
J“ 11 U'p
0 11 1]

(PTU,
integers between 1 and 600 which are divi

= 120.

(1,2),(1,2),(1,4),(2,2),(3,2),(3, 3),(4, 2), (4, 3), (4;4)]%
wgers not exceeding 500 are divisible by 7 or ‘

¢ divigible by 7 or 11 = nl

Felation and Function

Qas.LetP.Q-ndlllntbruﬂnh. -

sets. Proy, that
'PUQURI SRS G IPAQI-iIQ AR, IP QAR
Ans. Let P,Q,erethree finite ety ! réase
T‘henanuQvR)-n(PHleMn(ll)
proof : Let D

-n(p
be the union dhamqmndR"Q)‘*ﬂ‘Q""-m-"‘P"R—"""'P"'Q"‘m
, n(PuDJ-n(P}+nl’D)—anf‘-Di
(using Inclusion Exclusion pﬁnciph!orblmleuj Bty
Now n(D) =n{QuUR)
-n(QHn(RJ—n(Qr--BJ
Now n(AnD) =n[Pm(QuBJ]-n[(PﬂQJu(PP-R)]
=n(PﬁQ)-ﬁn(PnR}—nlanQjﬁfPr‘\B)l

=n(Pr\Q)-t—nl'PnR)_n(an,.._m
<. from (1), (2) and (3); we get ek B)

n(PuD) =n(PuUQuUR)
=n(P)+leJ+n(RJ-n(Pr‘-

e kZ)

(PAR)- \ -
Hence proved. Q-n(Pn n'Qf‘qu—anmQ,-R,

Q 36. What are the properties of relations?
number of relation from the get A = la,b,c] to B =

Ans. (I) Void or Empty Relation :Let A be an
called empty relation on A,

(II) Universal Relation - Let
relation on Al

(I11) Identity Relation : Let A be any set.

Then the relation Ly =((a,a); (acA)) ie. eve

Explain with examples. Find the
11, 2). (PfU,Dee.mm
Yy set. Thené  AxB is a relation on A

ry element of the set related to jtself
cg R =((11),(2,2), (3,3), (4,4)) on A = 11,2,3,4) is an identity relation on A Whereas
R, =101,1),(2,2),(3,3), (4,4), (1,4)) is not an identity relation on A as lisrelated to 1 & 4.

(IV) Reflexive Relation : et A be any get

Then R on A is said to be reflexive iff (a,a)eR3zacA

e.g 1. Let A=1(1,2,3) Then R = 1(1,1),(2,2), (3,3), (1,2)} is reflexive relation on A while
R, = ((1,1),(2,2), (1,3)) is not reflexive as (3 3)¢ R, where 3eA

c.g. 2. Let A be any Non empty set and P(A) be the power set of A Then R on P(A) is
defined as ARB iff AcB

If'is a reflexive relation as every set is a subset of itself ( AcA)
c.g. 3. Let R be a relation on 1, (set of lines in a plane) defines as follows i, l)eR iff
L
1 \ED ’
Then it is a reflexive relation as every line is parallel to itself.
“g. 4. If Rbe a relation on N defined by xRy iff x>,y Then R be reflexive as every natural
number is greater than or equal to itself.

(V) Symmetric Relation : A relation R on set ‘A’ is said to be symmetric iff yabeA
(a,b)eR =5 (h,a)eR
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8- L LetRbea Relation on L (set of lines in a plane) defined by (Z,, [)eR iff Ly
R be a symmetric relation on L. because if l,Li; Then I, L1y
- Let A = {1.2.3) Then R = {{1.2), (2,1), (1,3), (3.1)) be a symmetric relation op
(1.2)=R Then (2.1)R and (1.3) €R Then (3,1) €R E
e.g. 3. Let A be any set and P(A) be power set of A Then Relation R on P(A) defineg
CRD iff CD is not symmetric relation because if CRD = CcD A DcCie D ‘
Transitive Relation : A relation R on set A is said to be transitive iff Afab.ceA, (&b)
(b.c)eR Then {(a.c)eR
e.g. 1. The Relation R on power set of 'A’ defined by (C,D)eR iff CcD is a tra
relation on A
If(C.D)eR — CcD...(1) and (D.E)eR = DcE ... (2)
From () &2, CcDcE = CcE = (C,E)eR -
9 The Relation R on L (set of lines in a plane) is defined by (/;, ;)R iff Lz,
It is a transitive reladon as (/;. I,) eR( [;111;)eR
ie (U IPeR=Llllg= L11l; =l R.
e.g. 3. The R;Ia:jon R on Natural number N defined by xRy = x>y ¥ x, yeN
It is transitive relation as xRy, yRz ¥x,y, zeNTP xRz

v
Vel
]

o
r!g
| V]

- -> ¥
R —x>z=xRz
yRz > y=z

Further the no. of relations from A to B = 202 0B) _ 93x2 — 64

] 9 37.LetA=1(1,23,4,6,8,9, 12, 18, 24} be orderd by the relation <’ divide,?‘
se diagram of this relation. (PTU, May 201

o

ther identical or disjoint.
A, x ~ a] then x € [a]
banda~a—ace [a]

. a as by symmetric property a ~ b‘.

(PTU, Dec. 201

[-+ R is reflexive oni

Relation and Function
Thus [a] = [b] : = a3
Consider any ye g e
then b ~ a, alsq y —]h 2 e b, f‘u‘uler befa) A1)

i using
¥ —a Le. ye [a] Th Property
From (1) and (2) s [b] c (a] Y

[bl c[a) and [a] clb] ie. [a]=

Converse [a] = [b] T Prove be“[’]-}
As, [a) =[bl=b_ac[y

(e) From part (a) ang (b), it follows thg

Further to prove twq different equivalence classes

then [alnib] = 4.

Let if possible, [a] A bl=éie 3

s.tce [aln[b] = ce [al nntil:e‘ [b‘; 5

=>c~ aan.dc ~b ie a-c.c-h[nsingsymmetri property

. @ ~ b using transitive proj 7 : 5

=ace[bl=[a]=[b] which is false.

- How many people speak English?
Solution. Let H, E be the set of people who i con respecti
¢ n(H) =35, n(H r\E)p= 25 ;nmlgi:?:ndsngm )
. Required no. of People who speaks English = n (E)
Sincen(HuE)=n(H)+n(E)—n(HnE)
n(E)=50-—35+25=40
- Required no. of people speak only English and not Hindi

g =n(EnH°)=n(E)—n(Enm=40—25= 15.

Q 40. Define a relation R defined

on Z, the set 3 s
if 7 divides a—b for all a, b < Z, Show Z, the se of all integers as a R b if and only

that Ris an equivalence relation.

S (PTU, Deec. 2011
Solution. 1. Reflexivity : Since a —a = 0 =07VacZ )
= Y _a = aRa, thus Ris reflexive
2. Symmetric:IfaRbva,be?Z
= %—b =>a-b=TmY¥meZ
= b-a=7(m)meZ] i
= % q = bRa. Hence, R is symmetric.

3. Transitive : IfaRbandbRcVa,b,c e Z

We want to prove that aRe

Now, aRb = 7 =a-b=1 =
ow =>A_b a m
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bRe — 7/':’_c =b-c=7n
dtZ);\vehave
A-c¢ =7(m +n)
7
K e
- Ris transitive.

H : :
: té}l{nge. R s reflexive, symmetric and transitive.
*- 18 equivalence relaton on VA

Q 41. Among th
(a) Determine
(b) Determjne

on adding (1) an g

= [asm,neZ:>m+nEz1

e ﬁ‘rst 1000 positive integers : '
the.mtegers which are neither divisible by 5, nor by 7, nor by 9,
the integers divisible by 5 but not by 7, not by 9.

> (PTU, May 2013y
5.7 ansd";“tlon- Let A, B and C are the set of integers between 1 and 1000 which are divisible S;,
n(A) =n (—1°0°)= 200 and n (C)= n (1?0) - 111
n(B) =n(1000J =142 andn (A'n C)= n(%) —22

m) =25andn (BnC)=n(1000 =515
S 79
1000

519)=3
(a) Required no. of integers = n (A© N BC n CC) =n [(A UB U C)C]
=1000—-n(AuBwUC)

n(AnB) :n[

n(AnBnC) =n(

=1000—[200 + 142 + 111 -25-22 - 15 + 3]

= 1000 — 394 = 606
no. of integer = n (A  BC n CC)
=n[An(BuC)‘]

=n(A)-n(An(Bu C))
=n{(A)-n(AnB)+n(AnC)—-n(AnBnC)]
=200-25-22 + 3 = 156. .

(b ).Required
'l

(PTU, May 2013 ; Dec. 2012)
n. ¥,a,bel (a,b)eR=a<hb
: lya<a ¥aeI.. (a a)e R Thus R is reflexive

be Ist(a,b)e Rand(b,a)e R, TPa=b
a. b)e R =as<b

R = b <a .. a=b Thus R is antisymmetric
I (a,b)e R, (b,c)e R, TP(a,c)e R
R=ac<b

<c=a<c=(acleR

re, antisymmetric and transitive .. Ris partial order relation on I.

aaga

=1000—[n (A) +n (B) +n(C)—n (AnB) —n (AnC) —n (BNC) + n (AnBAC)) l

——_——-—-—-—__

QUESTION-ANSWERS

Q 1. What is a ring?
OR
Define ring with eXamples,

Solution. It is the algebrajc system with two 1
inary

Ring

(
PTU, May 2009,2007, 2005 ; Dec. 2008, 2003)

(PTU, Dec.2009 ; May 2004)

B operations denoted ‘4’ and <’
A non empty set R equipped with £ 3
ultiplicatively *’is called a ring an two binary Operations denoted additively ‘+' and
m £ and satisfieg follo
‘ l.a+beR Wing axions. ¥a,bn,ce R
i 2.(a+b)+c=a+(b+c)
| 3_ForanyaEREOeRs.t.a+0=a=o+a
4. ForanyaceR3IbeRst b+ a=0=a+h
5.a+b=b+a
6.a.beR
7.(a.b).c=a. (b. ¢)
8.a.(b+c)=2a.b+a.c(Distributive law)
A ring is said to be commutative gr abelian ring {
if v =
e.g.  U<d>=1[0], [1], [2]. 3)) Pt < eDste
The composite table is given as under -
L +4 | (o] R o TReT 4 |l m @ w
! [0] [0] [1] (2] (3] (0] [0} {01 0] {01
[1] (1] (2] {2] {0} 1} [0} 11l 12} (3}
2] [2] [3] [0} (1) (2} {01 2] 10} 2]
[3] [3] [0] (1] [2] 18] 10} (3} 12] 84|

Clearly it is a ring under + modulo 4 and smodulo 4. Also it symmetrical about main




_25__.____*_ 5 LO3DY Discreta Stry ,‘-.
-Up

: 1 3 ‘ itv [
diagonal, - It is commutative. So it is a finite commutative ring with unity [1]. Noyw, hons
have [2] [0] ¢ I/<4> but [2]. [2] = [0] (mod 4).

-+ I/<4> has proper zero divisor. i It is not an integral domain.

Q 2. What is a subring? (PTUvDee, )
Solution. A non-empty subset S of ring R is said to be subring of R if it is a ring
under borrowed operation of R. (0], R are the improper subrings of R while any othep suly
called proper subring of R.
e.g (Z, 4, .) be any ring under the operations of addition and multiplication ﬂfin
Then nZ = (... —2n, —n, 0, n, 2n) for a proper subring of Z if n # 0, 1, —1.
e.g. Clearly (0, 8] and (0, 2, 4] are proper subring of ring under + modulo 6 ang - Mody

Q 3, What is ring without identity? (PTU, De
Solution. It is the algebraic system with two binary operations denoted ang ¢
A non empty set R equipped with two binary operations denoted additivg
multiplicatively " is called a ring and satisfies following axions. 3 a, bn,c ¢ R
lL.a+beR
2.(a+b)+c=a+(b+c)
8. Foranyae RI0e Rst.a+0=a=0+a’
4. Foranyae Ribe Rst. b+a=0=a+b
5a+b=b+a
6.a.beR
7.(a. b). c=a. (b.c)
8. a.(b+c)=a.b+a.c(Distributive law)
A ring is said to be commutative or abelian ring if V a, b € R, ab = ba.
A ring which doesn’t contains multiplicative identity .e. 1 is called ring without idas
For this type of ring we have no x for which x.1 =x = 1.x ‘
© e.g. : The set of even integers is a ring without identity.

Q 4. Define Euclidean ring (domain). (PTU, May 2

" Solution. A commutative ring ‘R’ is called a Euclidean ring (E.R) if ¥a %0
défine a non-negative integer d (a) 2 0 called d-value of a and the following conditions are
(i)d (a)<d (ab) ¥a,b,#0 eR withab=0

(ii)) ¥ a,b#0inR3q, r € Rs.ta=bq+r where eitherr=0ord(r) <d (b).

B 5. Define improper ideals. (PTU,
mation. A non empty subset A of a ring R is called left ideal of Riff (1) A is

A rcR>racA
be right ideal of R iff

zero divisor i.e. Va, b ¢ R

example.

proper zero divisor. i.e. ¥ a,
lab # 0.

Q 6. Define the term, «
? AN inteprg) domajn’

e and give an example.
2 Ulative ying D
ifab =0, T, ei Eel: s ol integral do;na:-;?ll s
an integrq) domaip 8=0orb=g orifaxg, b4 el
e o an : x ) €R. Then ab=Q,
Solution. Lot R pe any 1'11: -
Since ¥ a, -p ¢ R=a_ ¢
Further (0] is an additj

tive
also, ¥ acR,a0=0. Oj:x:g[r;up Ak
- {0] be an ideal in Ting. R

Solution. Let R be

o.g (L, +, .) formg

in any rip,
ER.
e (PTU, May 2010)

Q 8. What are ringg,

(b) Fields.

ar? Operations dengted additively ‘4’
- OWINng axions. ¥a,b,ceR.
2. (a+b)+c=a+(b+c)
3. Foranyae R30 e R
4. ForanyaeR3ibeRg
b.ba+b=b+a
6.a.beR

7.(a.b). c=a. (b, c)‘

i. a. (b.+ c) r-(-la -b+a. ¢ (Distributiye law)
ring 18 said to be commutative ian ring i
Integral Dot i or abelian ring if v a,beR, ab=ha.

e .a commulative ring is said to be integral domain if it has no
€ Rifab =0, Then either a = o orb=0orifa%0,b=0 €R. Then

.ta+0=a=0+a
.tb+a=0=a+b

itive subgroup of R.
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ab = 0 we have a = 0 or b = 0. So it is a commutative infinite ring without zero diV'Bur.
an infinite integral domain with unity

e.g. 2. I/<4> = ([0], [1], [2], [3])

The composite table is given as under :

So

«“ [ o o@m 4 |0 [ g
o1 [ 0] [ & @ (01 [ 01 @ [o]
m | m = 2 o a [0 @ g
21 |2 8 o [y @ | 0 (2 g

B8] o1 e 2] B1 | 1 81 g

(

Clearly it is a ring under + modulo 4 and —modulo 4. Also it symmetrical about m
diagonal. . It is commutative. So it is a finite commutative ring with unity [1]. Now herit
have [2] = [0] € I/<4> but [2]. [2] = [0] (mod 4).

. I/<4> has proper zero divisor. . It is not an integral domain.

eg3.Letx = (a+\/2_b),y= (c+1f§d) be any two elements of Q (JE)

also xy = {a,;,/ﬁb)‘(m.\/z—d) = [ac + 2bd ++2 (bc + ad)] €Q (\/2_)

[ 2) is closed under addition and multiplication.

¥2 0 behaves as its zero elements of Q (\/5)

e inverse of any element a + b /2 €Q (ﬁ) is—a—b 2 €Q (JQ)

butive laws,

= +s/§b,y=c+\/§d
bd) + v2 (be + ad)

V2 (cb + da)

Herex +y = (a+J§b)+ (c+../§d) =(a+c)+ (JE) (b+d) eQ (1/5) (asa+c,b+g A_xj- |

|
|
|
|
i

a field.

2002)
operation defined by(x+J)+(y+J)=x+y+Jandu+J)(’+J)1 =R ﬁl-ar-‘“ha'
%,y €R.

a80€eR - 0+3 cpsg - .
elementforanyx e R=>—xeR= x4+ J e R/J "Jh“."_

o

Ring
. Xy = yx (a8 commutative |ay holdg gn setor -
Further 1 =1 + JZ 0 behaye as its iy Tationg] Numbery)
Letx=a+ 2 b be any element of @ (J-i)

"hlwsya.]:_,, 1
x a+ b

e y=

gﬂ[a

aZ-202 (42 -2b2] HELZ _"“—%2] =Q (5)
(Here a2 — 2b2 + 0)
st.xy=1=yx

. Every non-zero element of Q (

Ji) have multiplicatiy, Inverse. Therefore Q (ﬂ) form

Q9.Suppose J is an ideal in a commutative rin 2R SL 205
that RiJis

Commutative.

Solution. If J be an ideal of R. Thep PTU, Dec.

RI=ix+3.v

=I!+Jiv:+l.y+;em'h_‘
Proof:Vx+d,y+d eRleherex,y eR
x+D+F+d) =x+y+J e R/AJ (where x
as[(x+ DY+ D+ @+ =x+y+J) 4 (
(x+J){[(y+J)+(z+J)]=(x+J)+(y+z
- Associative law holds under addition

+*y=Rasx yc
tdl=x+y42.3

st.x+D+(X+D=[E+(0]+J =0+ J= g

. —x + J be the additive inverse for any element x + J of B/J -
(x+,J)+(y+J)=x+y+J=Ly+J)+(x+J)(asx+yo=f§l.:-:vx:::;fenh
and the multiplicative operation on R/J is deﬁnedhy(x-i-.]’)(g +d=xy +dwhess g

Now firstly we want to prove that this operation is well defined_ el
leifx+d=x'+Jandy+J=y'4+J

Then x+J) Y+ ="'+ I ' + J) ie. Xy+d=xXy+J

Nowx=x+0ex J=x‘+J=>x=x'+al,alEJ
y=y+0ey+J=y'+J::y=y'+a2,azeJ

5 xy+J=(x‘+al)(y'+a2)+J=x‘y'+x’ +ay + +J
[Nowx'eR,aleJ:x‘aleJ,alsoaLa,eJ, R
v'eR a eJ:aly'eJ
ny+J=x‘y'+J[asx'a2+aly'+alasz.'.x'a.l+a1y‘+ala,+.l=.l)

The multiplicative operation is clearly closed. S

Vx+J,y+J,z+JeRJtherex,y,zeJ o

S+ Dy + D] (z+d) = [xy + J] (z +J)=(xy)z+J=xLyz)+J i
=(x+J)(yz+J)=(x+J)[(y+J)(z+.])]
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Fun.her,lx+J)[(y+J)+(z+J1]=(x+J)Ly+z+J]=x(y+z)+J
=Xy + Xz +4dJ
=(xy+J) +(xz +dJ)
=[x+ F+NI+[(x+J)(z +dJ)]
R/A be a ring under the given two operations.
Given, R is commutative. Now we want to prove that R/J is commutative.
Further, Vix +J), 3 +J) R/Jwehave(x+J)(y+J]=xy+J
=yx +dJ (= Ris commutative) = (y + J) (x + J)
R/J is commutative.

-b
Q 10. Let D be the ring 2x2 matrices of the form (S a) -
Show that D is isomorphic to the complex number C, where D is a field,

Solution. Let us make a mapping from D to C

N

7 -b — E
ie £:D - C defined by f | 2 ]=a+ib¥(a ) eD >
b a) b, ‘a .

Now we hall prove that this mapping, L.e. fis homomorphism and one-one onto,

—b) -b
Clearly ¥ a +ib eC 3 i[: bl eDs.tf(: J =a+ib
\ a) a

Y
b5 d} =f'fa"c _b_d}=a+c+i(b+d)=a+ib+c+id
\d c/| \b+d a+e¢

et )

L2 (J(

(PTU, M,yj,v ;

vith unit ‘1.

b aJ ®l4 :‘]"‘“‘m-om

fis homomorphism, on

. Dis 'Ll!omm’phictoCi.c. D=z=¢

Solution. If an ideal of n‘ngR tk PTU ‘hy mo,m,
A be s
RA=[x+A: VxeRH’o

TS a rj ]
(x+A)+(y+A) =x Pk 8 under two operatig lefined by
and(x+A)(y+A)=xy+A¥x+
A
is called quotient ring or et _A'y +Ae BIA'henx,, eR
For examp]e:l..ethet_he

ring of i E
ie. T5=<5>=(5n;n e g huidmmdmﬂzmmdnwmmmmmmws

Vx,yeTEi.e.x=5n,neNandy=5m meXN
Nowx—y=5n—5m=5(n—m)eT ey
sIfo,meN -
A_lsoforreR,xeTs,rx=r(5n)=5fm)eT5 o lI“Eh[“ neN,rez Zl
hFel=rne

Now xr = (5n) r = 5 (nr) €T,
Tsisanideal"fZ:ZfI'sisaquoﬁmtmg‘ [alnEN_.rEZ::nreZl

Noo Ts=1(.-10,5,0,5,19__,
Ts+l=l..9, 4161
Ts+2=1..83,27 15 =3
Ts+3=1.-17,93813
Ts+d=1. 61497
Ts+5=(...5,0,5,10,15, __ 5

quotient ring = RTs = (T, Ts+1, Tg+2, T5+3,Ts+ 4

Q 12. Consider the ring Z,, - (0, 1, 2,...9)
(i) Find the units of Zy.

(ii) Let £ (x) = 2x? + 4x + 45. Find the roots of £
Solution. (i) IfR be a ring with unity (x) over Z,,. (PTU, May 2008)

then ¥z aeRBbeRs.t.ah:—.l:ha
then a, b are called units of R.

NowZ,,=1(0,1,....9) forma ring under addition modulo 10 and multiplication modulo 10

Now unit of ‘0’ does not exists,

Now 1.1 =1 (mod 10) .. 1 is the unit of Zyo.

as 3.7 =1(mod 10) -. 3,7 are also units of Z,,.
Further 9.9 =1 (mod 10) . 9 is also units of Zyo

~ 1,3,7,9 are units of Zyo and the elements 2, 4,5, 6, 8 bave no multiplicative inverse in Z,,.
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(ii) a be the solution of [(x) = 0 in Z ifl f (@) = 0 (mod 10)
Here f(x)=2x2 +4x+ 4
as2.12+4.1+4=0(mod 10);2.22 + 4.2 + 4 = 0 (mod 10)
1, 2 ar the roots of  (x) in Z;o
Further 2. 62 + 4.6 + 4 =0(mod 10) ; 272+ 4.7 + 4 = 0 (mod 10)
6, 7 are also the roots of [ (x) In Z;,
Thus 1, 2, 6, 7 are the roots of f (x) over Z,.

LORDD Discrete Strye,

Q 13. IfR is a ring such that
a?=a vV a €eR Prove that
(a)a+a=0VvVaeR
(b)a+b=0=a=b
(c) R is commutative ring.
Ans. (a) Given a2=a ¥a eR
Clearly ¥ a, a €eR then a +a e R (- closure property holds under addition in R)
(a+al =a+a
(a+a)(a+a)=a+a

(PI'U, May 2() ?‘

a2+a’+a?2+a2=a+a
a+a+a+a=a+a

ULIUU

a+a=0 [Concellation laws holds under addition in ring.
(b) Given,a+b=0
also, by part(a),a+a=0
a+b=a+a
As concellative laws holds under addition in R.
a=bhb

(e) ¥a,beR=a+beR

(a+b)2=a+b
—) (a+b)(a+b)=a+bhb
—ala+b)+b(a+b)=a+b
24ab+ba+b?2=a+bh
+ba+b=a+bh
+ba =0=ab=ba

[-- of part (b)ifa+b=0=a=|

very field is an integral domain.

of F is invertible . a-! exists.
‘1.0 =b=0,

18 .. <F, 4, .> i8 an integral domain

(x’] =d(x
Q 16. What is Ring Homey, g

Ans. HDmomuOrphi.m : (R'
tn be homomorphism iff f (5 4 b= +,.)
If ¢ is 1 — 1 also then ¢ ig gaiq

N ‘hmtlin'

and (R, +, ype
$B) Y a o, O FiNgs. Then §: R — R in said

(a) +
tote lnd’f.h}-’(ﬂt(b!\fl,bel

hic to R' i
R~ R then hy A 14 i homo, 1 - 1 and onto. Then R is
automorphism Ei is called endomorphism_ Keis1
G 4 18 1 —1 also then § said to be

Va,beRwehave(nb)i_ah .
% ='("”bi)lllo(a+b -
)I-Hbazig.ﬁ -

B of 2 x 2 matrices over integ

ers. Consider the set

- Sh
owthatLhahﬂide-lu(M.hLi-ﬁmidulﬂlm

tion. Gi = {240
Solution. Given, I, = {[b 0] ;a,b eZ}

: 0 0
O [0 0] €L - Lbe any non empty subset of M.

a 0O|l|le 0

Also,¥[b 0]'[d OiIELWhema‘b‘c'dez

[a 0] e 0 a-¢ 0

b 0 d 0 =[b_d O]EL

a 0 a B
V
s 1 - [RIE

v 8/|b 0| T |ya+sb of Sk

bl i ) e

“ Lis aleft ideal of M but L is not a right ideal of M.

[¥ a.b,c,deztherefure,n‘c,h-dEZ]

K'—"LB‘Y- B.Lb eZ
S.aa+fb,ya+8heZ

Q 18. Show that the set of real numbers of the form {u+hJ§ :a, b ez} is an
integral domain. Is it a field? (PTU, Dec. 2010)
i

Ans. Letx=(a+b\/§).y=(c+dJ§)beanytwoelemeni‘sQ(wﬁ)
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L2
Ring

Here x+3 =|a+\-§b\+:c+~"§d1=la+c)+ V2b+deQ(V2) (as a+c, .,'I"_

[ac + 2bd + J2 (be + ad)] EQ(JE)

— -
Aalso Xy —(a+v2b)(c+v2d)=

Q (2 )is closed under addition and multiphcation.

Further associative laws unde
holds on rational numbers
Also ¥ X, ¥ € Q(\fﬁlxvhemx=a+b‘,f§,3’=c+d\f2_
x+y=(a +-\/’2—b\+(c+\f§dl=(a+c)+ J2 (b+d)
y+x=(c +\:'-2-d‘(3 +‘/§bl= (c+a)+ -JE (d+b)
X+y=y+X
. Commutative laws under addition holds in Q ( \/5)
Also0=0+0 J2 behaves as its zero elements of Q (+2).
Further the addit
can easily verifies the distributive laws

'T’x.yeQfJErwherex:a+bJ§.y=c+dJ§
xy:ia+bJ§J(c+dJ§)=(ac+2bd)+(bc+ad)J§
=¢c+d\@)(a+bJ§)=(ca+2db)+(cb+da)J§

yX
xy = yx (as commutative law holds on set of rational numbers).
1 1
Let x =a+ ﬁbbeanye]ementon(JE)wehavey=;=a+ﬁb

a—+/2b ,( 8 J+\/§(——_-P'—.')EQ(\/§)

a?-2b? \a?-2b* a? - 2b*

2b2 = 0)

y:

wShow that (Z, ®, ®) is a ring.
l+c-1=a+b+c--2
c—-1-1=a+b+c—2

? 4+h-~ab+c—(a+b—ab)c
be + abe

+ addition and multiplication holds in Q ( V2) as thega 1,

(ra+c=c+a,b+d=g

iveiuverseofanydementa+bJé cQ(+2)is—a-b+2 e Q(y

additive subgroup of R,

(PTU, Det

8lds under addition and multiplication ¥ a, b, '€

R
5O (bscbeymg 45

. Associative lnwnh:l;u:::;:" bt..ah::,:c.;:c_ a(b+ec—be)

Also multy
:Z: ==:+b-— l=b+a-.1..u:5. Plication in R.
. Commutative |avw und:rba:i.b ylidg -
vab,c ER,R@(ch):a@(b+
ro

=a+b4ec_y_
j(a+b-ab)o(a+-;?:c;‘
. Distributive lawg Eo?d: il.)n-.R.ab C
Furlther for any a < R we have ag
2 actaszeroelementofR. 1=n+1_l='816a

a~ba abg‘

ion holds in R.

l)=l+b+e-l—aﬂ:+c—1)

and (a®b)®(a@¢)

; _ ==

. 2—ais the additive el

: inverse element

Let ¢ be the unity of R s.t. aacnfaanl s
= a+c—-ac=

::>c(l—a)z0=>c=0igactu,- : e
Q 20. Define an ideal of

Solution. Ideal : A nop - aring and give an example.

mpty subset A of
(Z)VaeA,reR:raeA

Adis said to be right ideal of R iff

(1) A is an additive subgroup of R
(2)VaeA,reR=>areA ;

Then A is said to be an i ;
= ar,ra € A. tdeal of RifF(1) Ais an additive subgroup (2) v a AreR
€Are

0

0
Si 3
ince [0 0] eA...AhenonemptysubaetnfR.V e
0 0|0 O]E

; - (PTU, Dec.2011)
a I »
mSRucanedlaﬁ.ldealofRiﬁ(I)Aism

A

(=T

Then[ b]_[c d]=[a—c b-d].
ol lo o 0 0 €A (asa-c,b-dethena,h,c,deZ\

a b o

a bl la B
Then [0 0} [‘r 5]=[au;b7 aﬁ;b&] o

a Bffa b
Further [Y 5] [0 0]:[:: ::]EA

“ Alisnot aleftidealw{R while it is a right ideal of R.
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Q 21.V a, b ¢ G where R is a ring, show that (-a). (-b) = a.b. (PTU, May s ~
Solution. First of all, we shall prove that a (-b) = - (ab) =(-a) b ; Y 201 Chapter
Now, ab + a(—b)=a[b+ (-b)] =a. 0 =0 .. by def. of additive inverse of R \.
We have a (—b) = —ab, similarly (—-a) b=-ab \
Now, (—=a) (-b) =—[a (=b)] by using (i) éi! |
=—[(ab)] by using (i) ]
=ab
|
|

{-- for additive group — (—a) = a).

Q 22. Every field is an integral domain. Give an example to establish that ¢
converse is not true. (PTU, May ¢ i
Solution. Let F be any field. So F be a commutative ring. Now we want to prove that
without zero divisors. E
For this let a, be Fs.t.ab=0.... (1) TP. eithera=0orb = 0 if a = 0, matter finis

Let a # 0, So every non-zero element is invertible. = a-1 € F .. From (1), a-1 (ab) = 2%
— (a-la)b=0=eb=0=b=0 .. Fis an integral domain. ‘
Q 23. Give an example of an integral domain which is not a field.
(PTU, Dec. 29

Solution. Now (Z, +, .) forms an infinite integral domain as closure, Associative
distributive laws holds under multiplication, also commutative laws holds under multip]j
1 behaves as identity (multiplicative) and 0 be the additive identity

also ¥a,be zstab=0=a=00rb=0

Lt
attic & gooleun Algebra

Q 1. Explain the prinej
’ Ple of dualj
Solution. Let [B, —, A ] be ty.
” LT el a Boo]ean
[B — A V] if Sl be ubtramed frOm S b 5 Algebl‘a under <and
upside down), v by A, Aby v, 0 by 1 az;ef:;c:’fhshya(Thm is equivi;l::t:o mmstam th i
en S, ig g the graph

Q2-LetN=11,2,3, .| b ordered by gy :
2eibils ‘.

Thus set of integer is without zero divisors. b is totally ordered, » which .
Thus z the set of integers forms an infinite integral domain but every non-zero elemen (i) (2, 6,24) (i) @, 5,15) of the following subset :
(iii) (2, 9, 16) 2 Oy

Z is not invertible as 2 € Z but %E Zisit: 2.% =1 .. Z is not a field. Solution. A totally ordereq s::?r(;;;:,ioa) s :

Q 24. Prove that a finite integral domain is a field. (PTU, Dec, re com_parab]e. chain is a poset in which eveuryl Utwo membem
Solution. Let R = [0, a;, 4, .... ] be a finite integral domain and let R’ be the Since the set N = (1, 2, .} under divi %

28ro clements of R ie. R' = [a, 8y, .... 3,] .~ R'is also commutative ring withg 2,6, 24) is a toset as every two members m“mmty forms a poset, further 26, 224 .
S @ancellation laws holds in R'. Let a € R', consider the set S=(aja,aza...aa Comparable. - Ans (7). Y Ao

Sare members of R' and no elements of S are zero, further all elemenj:s of §
1 Solution,

.0 u 10_1_1 Q’I‘U.Mayzom)
({) ava=a,ava-=a(Ildempotent Tewe)
(av(asbl=ajar(avb)=a (Absorption Laws)

a

; 3, 1#j.Sincea#0=a,=2;a contradiction.

=O(R')andS«;R' ~S=R

Il'elements oi; "-I.‘.are distinct. g‘: {".atti‘:'
aa; = aa, i #j, since a # 0, a; = a, a contradig olution. A poset (P, <) is said to At (PTU, 2009
i _1 i { L P Here woinni ) form a lattice if Ya,b e P Sup (a, b} andinfm exists :

Sup {a, bl = a v b (read ajoin b)
Inf{a,bl=a Ab (read a meet b)
other notations like a + b, a.
So in order words lattice is
denoted by [P ; v, Al.

e.g. 1. Let X be any non em
ttice under c .

8o v
left identity of R' further a; 0 =0. .. a; act

bo
e raub,anbcanalsubeusedforsup la, bl and inf {a, b},

. ; e
algebraic system with binary operation v and A and it is

0 element of R, Pty set and P (X) be the power set of X. then [P (X), A, v]isa

47
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| -
Since [P (X), c ] 1s a poset
Here YA Be P(X), AvB=AuB=unionofAand BandAAB=AnB=In

Aand B
Q@ 5. Minimize the Boolean expression : f=xy@x'y ®x'y'. (PTU, May
Solution. Let us make the truth table of the following function :

[=x [ v ] x| v ]| sg | =y [ x5 | S S<yHe
[ 1 0 0 1 0 0 0 0
| o 1 1 0 0 1 0 1
'f 0 0 1 1 0 0 1 0
f 1 1 0 0 1 0 0 1

Where, f(x,y)=xy @x'y & x'y'
Now look at those values of f(x, y) when it is equal to 1

Now £(0, 1), (0, 0), f{1, 1) correspondes to value 1 and corresponding min term;

'

Xy, Xy
ie fix,y) =x'y+x¥' +xy=x'(y +y) + xy
=x'+xy [oes
=(x'+x)(x"+¥) [a+bc=(a.|.1

=x'+¥y [--

Q 6. How Boolean Algebra is applicable in Logic circuit? Explain with

suitable example. (PTU, May 2007, 2005 ; D
OR
Discuss various applications of Boolean Algebra in logic circuits. k
(PTU, May 2009, 2004 ; D
OR ;
State De Morgan’s laws in Boolean algebra. (PTU, M

tion. Boolean Algebra have many useful applications in logic circuits, son

Cireuits : One of the major applications of Boolean algebra s to t
ical network consisting of switches) that involve two state de
a device being an ordinary ON-OFF switch. By a switchy
ic circuit which lets (or does not let) the current to floy
e two states ‘closed’ or ‘open’ (ON or OFF). In the fir
current does not flow. We will use a, b, ¢, ....., X, ¥,
pplication is very useful in electrical appliancs
tions : There are two basic ways in which g1
ed to as ‘in series’ and ‘in parallel’.
ected ‘in series’ if the current can pass
w if any one or both are open. We rep

H'-II—QF

circuit be
them by the same letter. Again ﬂ't:ﬁlﬂmm are open
represent them by a and a’. kh-h-‘hhtmldh) - L well
; This appl;'lcautli:n is very in ai ; open iff the otheris closed, we

In former, we should connect ful condition system
and In latter, we should tonnun two switches which g lﬂddnwbﬂuh&mﬂfhh. "

3. Simplification of o;

fo Circuity «

Simplification of a Circuitmmtl;' Boolean algebra i
cost and best (convenient) nmmn,mhu plication of circuits.
equipment, positioning and m-lmbg]: This Wwould be Boverned b”m mmm

For us, simplification of cirens B

- - Circuits would
by using different properties of Ml&mmﬂhudm which hi
series-parallel circuits to which']?::]h‘n algebra (we May remark here thag 1
different (more economical) type of ;ﬁn 3 vin :

e.g. 1. Let us consider the ]

(@aAb)v(anc) Eireuit given by the fanetion
It is represented by
a b
_—_“\‘T
SRR e

since (a A b) v(aac)=an(h

b

.vc).ﬂliacimuitmuldbem lified to

——

a c p——

e.g. 2. Consider the circuit

a' c

t .

t :

p— a' b
P—

L] L] X

4 Lhvae

o+
-+
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Here, the c;gut is r\'.-;;rcsented by the function

(a'aclvia’'ab)viaab' aAc)v(bac)

which is equal to

(a*ab)via'viaab)vblac
=(a'ab)v[a'v(aab')v(ava)ablac
=(a'ab)v[a'v(aab)v(aablvi(a'ab)]lac
={a'ab)v[a'viaan(b'vb)v(a'ab)lac
=(a'ab)v[a'vav(a'ab)]ac
=(a'ab)v[lv(a‘'ab)lac=(a'ab)ve

Thus the circuit is simplified to,

-

Q 7. Minimize the Boolean expression f = x‘y'z ®x'yz' ®xyz'. (PTU, Dec. :
Solution. Given function = x'y'z @ x'yz' ® xyz' :
Here we make the truth table of the given function

i

x | vy | z | xy= | xyz' | xy2 | xyze xyz f(x,y,:
1 0 0 0 0 0 0 0
0 1 ] 0 1 0 1 1§
0 0 1 1 0 0 1 18
0 0 0 0 0 0 0 0
1 1 0 0 o 1 0 1
1 0 1 0 0 0 0 0
' 1 1 0 0 0 0 0
' 1 1 0 0 0 0 0

ook at those values of f (x, y, z) when it is equal to 1. Now £(0, 1, 0) correspon
gand (0, 0, 1) corresponds to min term (x'y'z) further f(1, 1, 0) corresponds
naegs

J
Lz) =x'yz' + x'y'z + xyz' = x'y'z + (x' + %) yz' = X'y'z +yz' [:x's
Z

(PTU, Mayﬁ

attice & Boolean Algebra

- u(b*r’)(b-trc)...m y £t

= n.l(b., c) +Ebe ik i [a+be=(a+hy, (a4 c)]

=ab+c (asqmy “ 2
=“b+c(a+lb). ‘b”(“‘)(ﬂ*b) 'i

Q9.Let (}?n +, ;’h'l i!ﬂBoole.n .b"'nf&_
ax =0, then show that x o 5 Alsg Forg €B,if
Solution. Given a + x - | 'hwmuw-lmxenbemﬁthuaq-x-laud i
=0.

;r"d g - ,May 2010)
ow a' s g'lfige a4 ' ; e I
i.e. al =7 (¢ +X)= a?.:)xa gia. @+ x) = B :
Now, x=x+°=x+(a.n')=(x+a) 9 :
"'1'("+3')=x‘+a' - (x+3") !
e X=X+g'= a' ==
Thus X =a' S
Futher,by ~ 0+1 =1 apq 01=g
by uniqueness of complement, We-have
oA i 0'=land1'-.-.0.
Q 10. Show that the following Boq
@ XA YV AFVy)) ;xf\ymﬂe’me"p *lon are equivalent ;
(b) (z v x) A ((x/xy)vz)/\(z\ry);(x,\'y)v
Solution. (a) x A (y v (y o GVyexa 59 (yz (PTU, Dec.2014)
—EA G s AY))
Now let us draw the truth tabjes of both express;
ons
X 5 XAy vy
z = T y"‘(;"?) WOV | xnvigaGvem |
T F F F F X T
F /I F T T £ 3
F F F 1) F %: 1-;

From truth table xay = XAV YAy vy))
(b)E:(zvx)A((xAy)Vz)A(zvy)

X y z ZVX

Tt . (x;y) (!A;)vz z;y ((xAy)v;)A(sz) ]

T | F 4|85 T F T T T -

T | SR F T T R T 1t 0

T 4y T T 4y T it ;

F F F- F F F F F 'I]E‘

F| F T ol F i it i¥ T

F {5 F F F F T F F

Fopam T /i F T T T B

From truth table (xAyvz) = E ' ;

Also E = (zv(xay)) A ((xAy)vz) ( [ distributive law holds)
= ZV(XAY) [ idempetent law holds)
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Q 11. Consider the lattice Dyoqr- The number which divides 1001
(a) Draw the Hasse diagram’ of Dyg;.
(b) Find the complement of each number.
{(c) Fine the set A of atoms.
(d) Find the number of subalgebra of D;g;.
Solution. (8) Dygoy = (1, 7, 11, 13, 77, 91, 143, 1001}
It forms Boolean Algebra under relation divisibility. It has least element 1 ang

52

element 1001.
Hasse Diagram for Djg9;
1001
143
2,
7

(b)1A1000=1;1v1001=1001= 1 =1001& 1001 =1
also7A143=1,7v143=1001 =7 =143 & 143 =7
also11A91=1,11v91=:001= 1] =91 & 91 =11

also 13 77=1,13v77=1001= 13 =77 & 77 =13.
fc) Since Dy, contains 23 = 8 elements .. [t has three atoms ;
BT AT=ATA 11 =1, T A 13 =TT =57, T A 91 ="T, T'A 143=l,7/\1001’
e 7Aax=Tor1Vxe Dy .. 7i8 an atom of Dy !
0 Al=T1=11TAT TUAIT=11"11213=1,11 A T7T= 11,11/\9]_=1,11,_
I 11 is an atom of Dyg;. .
B 13A7=1,13A11=1,13A13=13,13A77=1. 13/\91:13,132 .
i3 is an atom of Dy,
7, 11,13. ‘
has two, four, eight elements because it has eight -.I;'.,
subalgebra which consists of least element ‘1’ and

L

pra 1'.5 DIOOI itself
80fthe form (1, x, x', 1001} i.e. which contains]
£ and its complement. Now there are six st

i

irs (x, x'). So Doy, has three four

Lattice & Boolean Algebry

theorems of Boolean Algebrs,

and complement of every eleme
]attice.

complement of every element is exist.

Q 12. Sf-ate Vlﬂou. Posty

53

of Boolean
Solution. A comple Algebra. State and prove at least five

mented d4;
Boolean algebra jg 5 'ym;ld“tﬁb“tf"hﬁhe . (PTU, Dec. 2008, 2004)
ng :
UNary operation ¢_r g4 Pty set L : :
(i)a’\a=a=ava(idemmper:;m'm'ﬁngva s togethermthtwobmm-y

(ii)ﬂ/\b=b/\ﬂ,avb=b\,a(
(iii)a/\(bAc)r_(a,\b),\c’nv‘;:lzmutah"ity)

(iv)aA(avb)=a,av(a,\b)=a( ﬂgs:‘;’b)vcu‘w‘hﬁﬁt’)
Associ ve)

) (Distribyts
(vi)VaeL3g €Lst. a3 =0-:’:t!vilam
Where 0, 1 are elements ofT, i !
tis 0
;.gl. ls..Let ?Bbe any set then [B, _ ’?::’]ZB f; (SA ];ii:;st:?d itis denoted by [B, —, A, v].
: e is saj b=
—(;( 1;:;1 i{m v1is said to form Lattice umier(\—_Hg;m}(,Yﬂm]l;?“m]mm e
XvY=XuU 50 n(YnZ)=(xﬁY)U(Xhz)( 5 EB=P(A),XAY=X Yand
[B, A, v1is form Distrih . ibutive law ho

and greatest element ‘A’

nt of B is exist, - [B,— A, vlis acomplemented and distributive

- [B, = A, v]is said to form

Boolean Algebra.
g2 =
eg.2.Let B=1{0, a, b, 1) Define AV and complemented by
Al 0 a b 1 v|iO0 a b 1
0]0 0 0 o 0[{0 a b 7 01
al0 a 0 ga ala a 1 1 alb
b[O0O 0 b b blb 1 b 1 bla
110 a b 1 1L 1 B ISy | 110

Sol. Clearly [B, A, v] ig a lattice

= It is complemented lattice.

Also 0. (a v 1) =0 AT = OFIG) OT AR P e
&(0Ara)v(0Ov1)=0v0=0.._ (2 ) v(0 v 1) (Using (1) and (2))

again taken any other three elements a, b, 1

an{bv1)=aA1=a,(ar\h)v(av1)=0va=a
= Itis a Distributive lattice.

Hence [B, —, A, v] is forms Boolean Algebra.
Basic Laws of Boolean Algebra:

(lava=a,ava= a (Idempotent Laws)

(ilavb=bva, avb=bva(Commutative laws)
(iii)av(bvc)=(avb)vc;av(bAc)=(aAb)Ac(AssuciativeLaws)
(iviana(b vc):(aAb)v(aAc);av(bAc)=(avb)A(avc)(Dist.ributiveLaws)
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(vlav(aanbl=a;aan(avb)=a (Absorption Laws)
r\-j)av():a:ovu;a.«l=a=1Aa(Idenh'tyLaws)
(vilav 8@ =1,a & =0 (Complement Laws)

(vii) avb = 8Ab and anb = avhb (De-Morgan’s laws)
(ix) (;) = a [Involution laws]

(x)avl=1;aA=0=0(Nulllaws)
Some proof are given as under :
I.NullLaws:avl:l:aAO=Oo

ra+1=1%8.0=0
Proof:(i)avi=(av1)alf-

-(avl)al=(an l)v(l/\l):avl}
=(avl)a(av a)

=av(laa)=avg-=1]
(H)anO0=an(ang)=

(@an a)a a=an 7 =0
II. Demorgan’s Laws :

) anb =aab (i) avh = guh or a+b = a.b

ab = g+p

Proof:(i)(anb) A avb= [(aAb)/\Ejv[(ar\b)AB]
= [(a/\ﬁ)/\b}v[a/\(b/\g)}
= [OAb]v[aA0] =0v 0=0
NOW(aAb)V(5v5)=[(H_VE)VB.]A[(EVE—))VI)]
= [(Eva)vl;]v[é'v(b_vb)]

=[1vg]/\[§v1}=1/\1=1

Lattice & Boolean Algebry

Now (avb v(GAp)a
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[(ﬂ vh)y i'] A [(.v}:)::]-_-__

= [(nv'i)v b]n[av(hv b
=(lvh)h[af\1]-ll\1—“

=1
II1. Involution Laws ; (;)

=a

Sol.(i)aSb:)aAb:-_aDE .__('a_,\“b) =EV-B=>_bS
Converse:a > ::SE (using part (i) = a <
(ij)asb=>aAb'SbAb'=Oa]5005aAb-

V.Inboolean algebra B, § = 1, =0
Since0+1=1and0.1=0

a>a> p

50:&/\1&':0.

.. by uniqueness of complement, 1 = and 0 =1

Q 13. State that commuta

_tive laws, associative laws and absorption law for
lattices. (PTU, Dec. 2005)
Solution. i) anb=baa ayh= bva (Commutativity)
aAnb =Inf|a,b) =Inf(b,al=baa
avb =Sup (a, b) =Sup (b,al=bva
(ii)av(bve)=(avh) ve,an(bac)=(aab)ac (Associativity)
LetbAc=d:>d=Inf|h,cl=:dsb,d5c =0}
Lete=Infla,dl > e<a,e<d o (@)
- from (1) and (2) e <a, e<h,e<c

.. e be the lower bound of a,b,c.
Le f'be any other lower bound of a, b, e
f<a,f<b,f<cbutd=Inf(b,c)
~f<d,f<abute=Inf{a,d)=f<e
~e=Infla,b,c)=and=an(bac)
Similarly (a A b) A ¢ = Inf {a, b, ¢

an(bac) =(aanb)ac.
(iii)an(avb)=a,av(aah)= a (Absorption)
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Now a <b, a < a = a be the lower bound of a and b

—=as<anbbutbydef. ofaanbwehaveanb<a

. by antisymmetric property of latticeaAb=a
Cﬂn‘vtlrse:a/\b=aTPasb

a=aAb=Inf (a,b] = a<a,a<b. Hence proved. Now, similarly we

second part.
Now a <a v b (using vii)
~ana(avb)=a (by using v)

__\
Q 14. Simplify f algebraically where f (x;, Xy, Xg) = (x; +x3) x5 (xg

express the result graphically.

Solution.f(x,, x,, X;) = ((x1 +x1) x3). (%] +x3)
s (xl +Xo +i3). (x1 +x2)

= [(X_EJr—n)-(xl +xz)]+ % - (x1+xp)

= )_C3.(x1 +x2)= X3X] + X3 Xg
Gate diagram for result is as follows :

Solution. Here the greatest min term is 14 ie. N=14

four variable K-map.

‘I’in the table.

variables along horizontal and C, D variables alon

Q 15. Minimize the following switching function : Sm (0, 2, 10, 11, 12, 14)
(PTU, May 20¢;

r the number of variables for the K-map is given N < 2n which is only sa tisfie

can Proy,

g vertical Ij

in table and the minimizi ng|

Lattice & Boolean Algebry
Q 16. Minimize the foll
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Zm (1,5, 6,7, 11’ 12. 18. 15), o . o (PTU. D e, 2007)
Solution. Here the Breategt term
also for the number ol'vnrlgbl!:.h;'o, K- 15 ke. N e '
form four variable K-map,

(i) Here we use A, B va

riable alon,
min terms can be expresgeg g4 T in ﬂ_‘:t:‘;i:nn
AB

cD 00 01 11
00 0

tal and <D variableg along vertica] lines and

10

CD 01 11 10

01

11 12

7]

10

In K-map square min te

. The mmumzmg form ig given ag e

BD+AED+KBE+KCD+ABC_

ana" =0andava"=
a’ =a'f\1=ﬂ'/\(ava")
=(a'rna)v (a' A a")
=0v(a'Aa"
B LT A0S Tt S (1)
a" =B."A1=a"/\(ava')
=(a"Aa)v(a" A a')
=0v(a" aa")
=a" Aa' (commutativity)
=a'Aa" 2)
~. From (1) and (2)

a' = a" which gives a contradiction to our Supposition i.e. a has two distinct complement.
*. complement of every element of I, 1S unique.

e.g. Find the complement of each element of Lattice Dy,
Sol. Dyy = (1,2, 3, 6, 7, 14, 21, 42)
It has least element I and greatest element 42.
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Q 18. Simplify using Boolean postulates and theorems

a+ab+abc+abed+ a+ab+abed

Solution. a + ab + abe + abed + @+ &b+ abed
=a (1+b)+ abc + abed + a(1+b)+abec+abeq

=a.l +abc + abed + a.1+abe+abed
=a+abe(l+d)+ a +abe (1+d)
=a+abc.l+ @ +abe .1

= a+a+(a+a)be

= (a+a) + 1. be

X3

=1+1bc=(1+b)(1+c) [
o=l (a) Its boolean function pe
Q 19. In any Boolean algebra B, prove that, £ (xq, X5, x3) = (%1 + %) + Gy +x5)]. %, %5

(a'vb')v(aszxxc'):(b:xc') v(a vhb").
LHS =(a’vbY viaabac)

(b) £(xy, X5, X3) = [xy + %5 4+ x,7 . e

['.‘ a.+a=a]

Solution. -
=[@'vbh)valal(@'vb)a(bac) [Distribug = X1.(x1%g) + Az % =
=[(a'va)v(b'va)la[(a'vh')a (bac) . . ) 2 ( 1x2)+x3'(1112)
=[1v(b'va)al(a'vb)a(bac)) [COmplement_.' = X% 404 X3 %1%y e
=1Aal@'vb)a(bac) [Tdentis K&a.:cl
=(a'vb)a(bnac) [ = X1%3 +x, X%,
=(bac') A(a’'vh") [-- Commutatiy, = (1 +x5) 35 -

[avb=bvaandg 4 =

= < AD = X1X9

Rk () f (x5, X9, X3) = X1 X (xg+% L Al
Q 20. Poset. (PTU, ] T‘-;u _:;e:;h: ¥ tl 2 (X3 +xa) =X1Xp X3 +X1Xp X3
Solution. First of all we define partial order relation, a Relation R on set A S El iy o] m;rmal form D)

partial order relation iff L X
(1) R is reflexive
(ii) R is antisymmetric
(iii) R is transitive
— Shaded
Then the set A with partial order Relation R is said to be poset. x.g:nx;:gm‘s
X3

g (P[A], ©) forms a Poset,
BBk P(A) = power set of A

shaded portion represents X1 XgX3+x; X9 X3

the switching circuit shown in the figure through th
Logic circuit for f (x,y, z)is given as under
X4
I form by using Venn diagram and express Xpo—t——] >o—
X3

% l XXXy
_) XXXy + XXXy
: R

L %
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Q 22. Express the output Y as a Boolean expression in the il‘lpu:g A, 'r'

logic circuits in the following figure

Solution. Y = AB+BC.

Q 23. Write the dual of each of the following Boolean equations :

a)(x+0)(Ix)=1, (b)x+X'y=x+y _n (PTU, Des

Solution. (a) (x + 0) (1. x) = 1 = x.x = 1 [using identity laws] b
x = 1 [using idempotent laws]

-
The dual is given by x =0
(b) Given, x + X'y =x+y
= ((x+x).(x+y)=x+y [using Distribugy
= 1. (x+y)=x+Yy [using compl;
= X+y=X+Yy [Id
The dual is given by
X.y=Xy.
Q 24. In a Boolean algebra B, show that,a+a=a VY a € B. (PTU, "
Solution. a=a+0 [using ident;
=a+aa' [using complime
=(a+a).(a+a) [using distributjy
[using comple:

=(a+a).1
=(a+a)

Q 25. Consider the Boolean function,s f (x, y, z) = (X. y + z). (x' + y.z")
construct the circuit corresponding to the Boolean function of the Boolean
(PTU, Ma

+ 2-! - Z'

itching circuits.

every two members are comparable,

t of chain. (PTU, May 2007 ; Dee
or toset or a chain is a poset in which every twom

iyisibility forms a poset, further (2, 6, 24)4

e

*
el

Chapter
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Permuiution & Combination

QUESTION-ANSWERS

Q 1. Define Permutation with e
- - Xamples, (PTU, May 2007, 2004
Solution. By Pérmutation, we mean 4 arrange some or all of given thi;:gn and we’denotl
taking two at a time as follows:

it by 2Py
For example : We can arrange three |
ab, be, ca, ba, cb, ac. et
p n!
- n ——— . C
ie. NP, (@) ... number of permutations of n different things taking r at a time
Q 2. Define combination with examples.
Solution. It is the selection of some or

things.
For exal.mple: If we have to select a class representative from a number of students in a
class or selecting eleven players out of twenty etc.
So, total number of combinations of n distin

following symbols—

ctthingstaldngrataﬁmeisdenotedbythe

"c. or c(n, 1) or (n)
T

Where 1< r < n.
Q 3. How many 4-digit telephone number have one or more repeated digits?
(PTU, May 2006 ; Dec. 2004)

Solution. For 4-digit telephone number, unit, tenth, hundred and thousand place can be

filled with 10 ways each.
~. Total number of 4-digit telephone numbers = 10 x 10 x 10 x 10 = 10000
Now, total number of 4-digit telephone number when no digit repeated = 10 x 9 x 8 x 7

=5040
-. Required number of 4-digit telephone number have one or more repeated digits

= 10000 = 5040 = 4960
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Q 4. What is a circular permutation of n objects and how many are JiH
(PTU, 1y

Solution. Since, at a round table, there is no first, no last position, 8o, let

osition of one person. = .

g remaining (n - 1) persons can be arranged at n — 1 Places in ™1P, | = (5 _ ot
The circular permutationof n things at a round table = (n = 1! %

Which includes the total number of permutations considering clockwige & an

directions both. .

In these two arrangements, each person has the same neighbours though in
order & one can be obtained from the other.

Lermutation & Combination
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. total no. of handshakey - "C, = n!n-Iz
A,

Q 8. What is the bagjc princi
Ple of countingy ey
in.,

Solution. Sum and prog
_ uct rules : Therg 5
bf counting: "embm%ofﬁmdmmpﬁnﬁplu

’ 1
- number of distinct permutations = > (n—-1)!

[this method is applicable in case of beads]

Q 5. In how many ways can a president and vice president be chogen berformed in (m + n) ways,

: £ 1. Let us suppose that th
of 30 candidates? eg 1 s sup T e
(i) 820 (ii) 850 Y Fathematics subject in an enginnering col] ;s’:i:‘“ria':d 5 female professors to teach
(iii) 880 (iv) 870 ®PTU, } student can choose a mathematics professor. Want to know that, in how many ways
Solution. The required number of ways in which a president and vice preg; The answer to this problem is given by

chosen from 30 candidates Sum Rule principle i.e. 10 + 5 = 15 ways,

e.g 2. How many 5 letter words can be formed from the word 4 ol

_30p, - 3_0’ — 30 x 29 = 870 ways . Ans. (iv) g letters is not allowed. KNIFE' if repitition of
2= g1 & Total number of letters used in the word KNIFE=5

- Five-letters words can be formed in the following way -

Ist place can be filled up in 5 ways

2nd place can be filled up in 4 wa e, ”

3rd place Eoapa e ull:in s wa:: (- repetition of letters is not allowed)

4th place can be filled up in 2 ways

5th place can be filled up in 1 way

-.total number of 5-letter words = 5x4x3x2x1= 120

Q 6. Consider four vowels and eight consonants. Find the number m of ,4\5;
words containing two different vowels and three different consonants thag)
formed from the given letters. (PTU,

Solution. Given there are four vowels and eight consonents.

2 vowels can be selected out of 4 in #C, ways and 3 consonents can be choosen o
5C, ways.
Then by fundamental principle of counting, we have

Q 9. How many words can be obtained by arranging the letters of the word

41 8! RSAL’ in different way? In how
4 SN RS Al - many of them
number of ways = 1C, x 8C, 2191 x 513 (a) E, R, S occur together

b)Not f th
=6 x 56 = 336 ways. (b) Notugg elette"E'R'sm“rtogeﬂler.

3 Solution.Number of letters in word UNIVERSAL =9 e
ee are n-people in a room, n 2 1 and that they : -- Required number of words = 9! = 362880
; (a) Here let us suppose the letters E, R, S consider as single letter . total no. of letters will
t M hand shakes will have oce 1+86. '

(Where one letter as ERS and remaining letters of word are U, N, I, V, A, L)
and this can be permute in 7! ways

Further the letters E, R, S can be permute in 3! ways.
“. Required number of ways = 8! x 7! = 30240 ways.
(b) When the letters E, R occur together then total no. of letters will be (1 + 7)

in a room = n
different persons,
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d remaining letters of word universalis U, N, I, V. 8 ;
ways and E, R can be permute 2! ways. B

(Where one letter ER an

and this can be permute in 8!
- Total no. of words in which
Similarly when E, S and
Thus required no. of words =9! -3 x 2! x 8! =

E, R occur togethers = 2! x 8!

8! x 3 ways.

Q 10. A set con

contain at most n elem
Solution. Total no. of elements in a s
_ Total no. of subsets of this set having 0 elemen

Total no. of subsets of this set having 1 element = 22+1C;

ents is 8192. Find the value of n.
et=2n+1
t = 20+1C,

and so on.
Total no. of subsets having n elements = 28+1C,
- Total no. of subsets of this set having atmost n-elements
= 2n+lCO + 2n+lcl _____ + 2n+ICn
We know that,28+1C, + 22+1Cy ..... + 241, 5 = 23at]

Also, we know that, 22+1C, = 20+1C,, 1+
- (1) becomes ; 20+1Cq + ... + 22+1Cy = 22n

According to given condition, we have

2041Cy + ..... + 20+1C,, = 8192

ie. 92a = 8192 = 213
= 2n =13

= nE=6.0.

Q 11. Show that the following statements are equivalent :

P, : n is even integer.
P, :n - 1 is an odd integer.

P.: n? is an even integer.
ltion. First of all we prove that P; = Py, P, = P3 and P3 = P;

. is even integer .. n = 2K where K € 1
K1 = odd integer .. P; = P;

yan.odd integer

Pe2K — 1 whereKel

. — n2 = 4K2 = even integer

L el
aneven integer .. P3 = Py
tatements are equivalent.

R, S occur together, total no. of words = 8! x 2! (for aaer

tains (2n + 1) elements. If the number of subsets of thijg

man and 5 ladies be seate'dro

permutation & Comp;

Le. 4! ways. C]
places for 5 ladies. €arly ng ty, ladi

hgat‘her fw

M‘l

(PTU, .;:,-

| M
Th;‘s talcan be done is 5 ways, ; X
S A

no. Ofa-l'l'angemED:t‘-= 4 x50

performed in'(m + n) ways

Q 14. PI‘OVe that n+lC
r

Ans. = ncr-]_ + ncr_

(PTU, May 2011 ; Dec. 2010)

RHS. = fc, + nc,_; = ——m-_ + —-——____n'
i !
1A'. (n—r)t (r=1D)n—r+ n

(PTU, De
r(r- 1;1!(!n—r)' 5 - '
! (r—l)!(n—r+1)(n~r)! g (r~1)!!1(;1—r)! E—+ 1:1—1 1]

3 n! D—r+l+r
(r-l)!(n—r)! r(n—r+1)

" n! (n+1)
(r=D!n—p)! rin—r+1)

i n+1)!
= ;!TDL-r%)! { (n+1)!=(n+1)n!
(n“l'+1)(n—r)‘.=(n—r+1]!

[ nelg

= LH.S.
__ (n+2p X
P

r!(n+ 1- r)



Q 15. Find ‘n’ if P (n, 2) = 72-
Solution. Given P (n, 2) = 72 = "P2 = 72

Chapter
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n!
(n- 2_).'
=7 (n-9)(n+8 =0=>n=9-38
. n =9 as n =8 is impossible.
Q 16. Define permutation. How many pe
1,2,3,4,5).
Solution. Permutation :
called a permutation. '
- Total no. of permutations =

:72:on(n-])=72:>n3—nf72=0

—
—

rmutations are possible on g g,

Let A be a non empty set. Any 1-1 onto mapping f: A _

5l= 120.

Q 17. Find the product of the following permutations

i 23 4)(1 23 4
| -
(2 4 1 8/(4 312

! A n2 30 (1712 35 12 73 4
Solution. (5 4 1 sfla 312)°(8 24 1)
18. A bag contains six white marbles and five red marbles. Find the i ‘ 3

arbles can be drawn from the bag if b

an be any color
st be white and two red.

S(k)"'cls(k_l)
Where ¢,

6 5 - e state

(@) Required no. of ways = Cs S value F fo-r all pO-SSIble values of the statél'nenLA

1104 1104 e.g: Pv~P is taut.ology L ment.
truth tables. .

all four all four
are white ar

Q1. Define the recupy
Solution. For a num,
any 1 to one or more S (i) wh
erei<ri
A recurrence relation ofre 1<ris calleq 5 Tecurrence rej
T

......

Q 2. What is meant
Solution. Tautology

eric function (

Recu Fre

€nce rej ation,

the type

+c, S (k—
1 » Cy are const:ntfskis D
eg: 25 (k) +4S (k= 1)+ 78 (5 gr 0

k—Z)-._.zk

Y tautology?
and Contradiction ;

S0), 8y, ..... s,y

———11¢€ Relation & Logics

A ’ (PTU, Dec. 2002)
atio luation relating S(r) for

1meal' Tecurrence mhﬁon

(PTU, Dec. Y
: Tauto}ogy 1S a statement which haszm
contradictionis a statement which has truth

while PA~P i i ;
A~P is contradiction and this can be cleared from thei
| eir

N6 <5x4%x3) 5x4x3x2 _ 2

: _ =
1%10%x9x8 11x10x9x%8 23

It is a tautology

T 11x10x9x8x2x2

x5Cy  6x5x5x4x4x3%2 _ 5

ents respectively?
 9x8x7x6x5, _ 1260

: i- MR Pv-P
I T
F T" ' l i & all values are T.
P : =
= ‘ _ PA~P
T F T
F i 4 For all values are F.

= Gx3x2x1%2 6
\

It is contradiction.,

87



€8 — FLE e A o

Solution. The truth table is given as under for the expression ~ (Py — Q A.

P _];- Q j "Q i [’\,i(? I —(PV-Q) l P :?Q '~(PV~ 7_:\
T F T T F .
o F F T + :
-2 F T F -
Q 4. Discuss recurrence relations. (PTU, May 2007 . qoluhon. Given M“

Solution. Linear recurrence Relation with Constant Coefficients

A recurrence relation of the type G
. c (
Stki+ ¢; S(k-1) +C,,b(k7n!:r(k) SZ)‘ Zfﬂ-zw -
Where ¢, ¢, are Constants, is called linear recurrence relation i Pt =1l zw

eg - 2 S(k) + 4S (k-1) + 7 S(k-2) = 2k
Fibonacci Sequence
The sequence starts with two numbers 1,1 and having numbers which are
two immediate predecessors :
Mathematically, ag, a;=1, a = ay,_;+ a,_3, k220r S(0) =1, S (K), S(1) = S(k_ i
Homegencous Recurrence Relation : 1
A linear Recurrence Relation is given by
Sk + ¢ S(k-1) ...... + ¢,S (k—n) = fik)
f (k) = 0 then the Recurrence relation is called Homegeneous recurren
se it is said to be non-homogeneous recurrence relation. 3

Q 8. Solve the f

recurrence relations with ¢ SCurrence .T w—ing the A3

Solution. The given ““""“h-.'.ﬂt.- Lag=10.
8, — Ga by 8%_2 o equation iy PTU, May 2004)

Let
=an
having charactenstlc 2 ‘h:hhm“'ﬁﬂ) ~AR
Biven as under

a"—6a"l 4+ 8an2 _g
=a"2(a?-6a+8) =0=qa2_ -6a+8=9
= a=24 =

. General solution is given by

a, = C;2‘+C,4-

The statement (p nq) = pis a:
sontingency
autology

(ii) Absurdity
(iv)None of the above

Now; h=1=>1=¢C 1+Cy
anda; =10 = 10-
on solving (8) and (4) we have i
Cr=4;C =3
* Complete solution is givenbya =-320; 4 4n
Le. a, =-3.29 4 gusl

Solution. Here, the recurrence relation is gi
> , is given
b(k)~S(k—1)-S(k-ﬁ)ﬂo.kz!wilhsmlal.;’;I)=1

) )
N
—{4)

Q9. Find the generatingfnmﬁonh&emm sequence.
(PTU, May 2005, 2003)
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: to «, we have
Multiply given eq. by zk and summing from 2 to

is(k)zk = i&‘(k— 1)z k- is{k _2)zk=0
=2 k=2 k=2

3 S S(k)z* - S(0 -5(1)%
quS(k)zk :[S(O)fS(l)z+kZ:2?S(k) S(0)

=G(S;z)-1-z

= 2 (k)2 = 2 S(0)+ 3 S(k)zX
ZS(k—l)Zk = zzs(k-ljzk 1_ Z]Z;ls(k) I:S( ) kgl

o)

k=2 k=2

= z[iS(k)zk —S{O)J =z[G(S;2)-1]

k=0

o ;-2 _ .2 - k)zk =z2G (S ;z)
o k 2Z _9)25 2 =25 5§
Es(k—.?)z =2Z _2S(k )Z lé)
k=2 ks

i t
ing eq. (2), (3), (4)in eq (1), we ge P-4
u?Su'lf)—ql—z]--z[G(S:z)—l]—zzG(S,z)—O
, G(S:z)[1-z—=22] =1

G(S;z) =

B
1_‘_1:.__‘/52
2
_JoT—b
andB=——5———2—

e

e

solvi 2
celation. W order

common from given relation, the rest be

Solution. Let the homnn oc 2
by subsﬁmting in the giv::nt 'Oluﬂon be’.,. = gr
We get the characterjg;: \
ar—2a™14 ar2
= a~2(a?-2a+71) _ g
= =1 ] B
% = (G e e o
Now ﬂdzl:alszcl)lf=ql"'-czl"
and =2~ Tom (od o
. equations (1) gives ; Bt S C=1
A4 =14y h

Q Il.Discussana.lgorithm e e :

e Recurrence Rera;q (PTU, Dec. 2006)
A linear Recurrence Relati"n'isgiv-;? Felaho,, . ’ {
S(k) + ¢;S(k-1) ... y ;

4 cnS (k-n) = ﬁk) ¥
If f (k) = O then the Recurrence

s relation ialean iy
Characteristic E‘I“,a_tion A N is calleg Home

Let the Homogenous relati;

Beneous recurrence relation.
on be Stkjse,§ gy,

Then its characteristic eq, js ngh degree polynomis :::» (tli:-n)= 0
ation.
n
an +Z Ci an-‘ =] 0
i=1
i

Note : We put in general S(k) = ak i given relation and

; comes its characteristic
Algorithm to Solye Homogeneoyg ence Relation

(i) Find the characteristic equation of g’iven relation.
(ii) Solve the characteristic q and hence find its Roots called characteristic roots
Case-I. If the roots are distinct 82y a), a, aj......, a,

Then Sk) = Bla1k+Bza,k_-+.r...-...+B‘n
Where By, ...... Bn are arbitrary constants,

Case-II. It m roots of n roots are equalsaya, =a, ... = b e

Then Sk) = (By+B, metBoln 1) akeB N +Boak
Solution of Non-Homogeneous Recurrence Relation :

A Recurrence Relation of the type

S(k)+ ¢y S (k-1)+¢, S (k-2) ..+ ¢pS(k—n) = f (k)
Where f(k) #0 ;

is called Non-Homogeneous Recurrence Relation. g5 3
Its solution i.e particular solution depends upon the function f (k).

taking the least power of ak
equation.
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Case-1. When (k) is constant
Lot the particulor solution be S(k) = d

og (1) gives, d+ o;d + cpd +e,d = (k)
flk
- — (%) if 14c, +c, # 0
1+ cy +Cp
Now if 14¢, +¢c,, = 0, procedure fails

Then we take S(k) = kd If this procedure also fails then 8 (k) = kyd and so on.
Case-Il. When f (k) is a linear function = gg+q;k

Then particular solution be S (k) = Ag+Ak
Case-IIl. When fTk) =g,+q;k +QmKm
Then particular Solution be S(k) = Ag+Ak+
Case-TV. When f (k) = exponential function = q ak

Then the particular Solution be S(k) = A a,
Note : If the particular solution contain any term of homogeneous solution then we g

the particular solution by k and try this solution and repeat the process unless the g
solution doesnot contain any term of homogeneous solution.

+A ko

Solution. Let S(k) = ak by substituting, the characteristic equation given by,

ak-7ak-1410ak-2 = 0
a¥2(a2-7a+10) =0
a2 7a+10 = 0 = a = 2,5 are the characteristic roots

general solution S(k) = ¢, 2k +c,5%
5(0) =0 = 0=cy+cy

S(1) =3 = 3 = 2¢;+5¢,
Solving (2) & (3), we get
cp=1¢4 =-1
eq (1) gives, we get
S(lc) = -2k + 5% is the required solution.

e the recurrence relation a, =-3a,_; + 10a, 5, n 22, givenag=1,a
(PTU, Dee.

ven recurrence relation be

(3iven, ...’-‘
nleo L] "l’ *.
on solving (3) and ("’.' ::‘.-.:,“ “"’CC.
f
Cim 3 iCym %
From (2) ; we haye
i
o=,
7 ?‘*-% I,
Q 14. Solve lh-w .'I'hﬁ*‘“
'*'M
Solution. The e .""’-h-b---
S(n)-6S(n~1)4+ 98 (n. PeCUrTenCY Tt M
[ts characteristic o i:. b
by putting S(n) ..,h.':,’.ﬂ- ALy

LE a“—Sa“‘l+BaM_u
—ar2(a2—6a+9) =g
A=k 3

Sp(n) =(C, 4
Here f(n) = gust 2%

Let its particular lo]uﬁonhs
- (N)=d gner
pomogeneous solution so let ug h&“
rerm which is present in hm&ysh"mm ‘-rh-‘-n
solution. %&h-'ﬂ&ﬂh’-' this alss comtans 2
. eq (1) becomes : A3 a8 particular
n2d 371 —6 (n— 12 d gn
—d 37-1[9n2 — 18(n-1124+9
—d[n?2-2(n- 1)2+(n_2m(:‘1—m=,"

= d[-2+4) =15g= L
S,(m) = £nz
P = 2 .3"1 *
o8 =S(“)"3\(l)+3,lll-10ﬁc,..)p+% o el
ie. CS=8m)=(C,+ Can+ % n?) 3.

Q 15. Solve the following m-nhﬂunz

S (K).— 10S (K-1) +9S (K - 2) =0.WhereS (0)=3S(1)=11
Solution. The given recurrence relation is - o
S(K)-10S(K-1) +9S(K~2) =0

Let S(K) = a¥ be the solution of eq (1)

(PTU, May 20¢
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Its characteristic equation is given by
aK_— 10 aK-1 4 9aK-2=10
= aK-2(a2— 10a+9) =0
—a2-10a+9=0=>a=1"9
S(K) =C,. 1K+ C 9K
Now S(0)=3=23=C;+C
and S(1) =11=11=C; +9C;
Solving (3) and (4) ; we get
C,=1;C; =2 !
Pq(2)gf\«'0$;S(I{)=2+9“. ; 3
Q 16. Solve the recurrence relation a,,; — 3a,,; + 2a, = 0, by the me¢
ction with the initial conditions ag = 2 and a; = 3. (PTU, De, A0y

generating fun
—3a,,;+2a,.=0,

Solution. Given recurrence relation is ar,z
ap =2 and a; =3
Multiply egn (1) by zr+2 and summing from 0 to «

o

a0 @
+2
Zar‘! oy TR 323“1 z72 2Zarzr+2 -0
r=0 r=0

r=0
L}
~ o
r+2
Now, Zﬂr"_’ Z = |ag +a;z+ Zanz z" %2 —=a, -alzJ
r=0 =0
:Zﬂ,.zr—2—32:G(z}—2432 :

r=0

@

* <0 I = :
r+2 r+l +1 s
Zﬂ“] z"” =ZZET*1 LIS 2[30 +Zar+l z"" '30J = Z[E a.z" ol
r=0

r=0 r=0 r=0
=Z{G(Z)—2] -
‘2 - .
& Za,.zr = ,2Zarzr=22 G(z)
r=0 r=0

Using (3), (4) & (5) in eqn (2) ; we get

)—2737.—3z[G(z)—2]+27_2G(z)=0

)[1-3z+2z2]=-3z+2

Gz) = |2v32 y 2-3z s 1 r 1
272 _8z4+1 (1-2)(1-2z) |1-z 1-2z

1) +1(27=142";r20

rence relation S (K) + 58 (k- 1) + 68 (k - 2) =f (k), {

1so S T e
and Sy =2 B |
on solving (4) and (5), e 'g::.l (@) gives 5 5+ %2 ; -A3)
T~ 3a, - e 4) ‘
Case-1I. When K = 0,1 ‘ndﬁlﬂﬂ 280 ) --AB) \
Let us try S (K) = d for 1'12;-& mtl;l!)u,;}u ra‘m_"&l—z);t 8 ax
-, given recurrence relation he lo‘ o '
'd+5d+6d=6:d=l__ '
~ 8(K) =8 (K) + 8, (K)= 5 (. .
P =a;(-2)K 1
Ctay (K =
| R o s
Givest S(0) =2 = P & G
ﬂz“’ '2‘ — nl_+ ‘2'—" i
d - 2 wea(T)
an S(].)=2=2=_2a'1—3a2 1
on solving (7) and (8) - 5 da;3n,— 0
( ) 3 Wa get 2 --—-{8)
—, - - 9 .
2 2 :*_‘2:‘-2- anda;=§
Thus eq (6) gives ; 3
S(K) =6 (-2)K_ o0, = 1
Q 18. Show that
1TPAQ > (P v(P
v
Solution. Ve (py Q 3 LA
: X & (PTU, May 2008)
v (22) e Sy i)
e ~PvQ -PvQ : (vi1)
g };, g . pq PV(;,P“Q) ~(PAQ)— ~PU-PVQ)
F T F

From (v) & (vii), we have
(~PvQ)e=> ~(PAQ)— (~Pv (~PvQ))
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R relation a, =
E > e the recurrence k k-1
2k Q 19. Use generating functions to solve the (PTU, Mgy, pecurrence Relation g Logics

with initial conditions a, = 4 and a; = 12.

can be written as = e

Solution. The given recurrence relation ‘
ak‘ak_:—Zak_2=2k.‘x'herr‘ﬂ<-=4""d oyl ol
,\{u]h‘pb. the given eq (1) by Z% and sum up from 2 to =.

o0 = o k = k 2k
Le Zakzk-z:zk_lzk ZZH;‘QZ = 22 &
k-2 k=2 k=2 - 2

[
x f‘ = - k ; i)
Now, Zakzk =‘30"'3]2*23]{2"'30_312]:k_zoakz —4—1%2)‘
k=2 | k=2 = RA=g ¥ -
=[G (a, Z)—4—12Z] L%

=

x x % @ k ) ‘ .7.
Y argzk =2 Y ap 28t =2 ) ax 25 ~ZIG(@, 2] fe
k=2 k=2 k=1 )

2
o0 +\L
@x aC 1
and Y ay 2Z% =22 ap p752 =272 ax z¥ =72G (a,2) 2z, :
k=2 k=2 k=0 Thus, 8 3 ‘
: E NSz
" (22)k k | 3 K1)k
D (22" =1+22+ ) (22)* -1-22Z Q 20. State Demorgan’ 15y, Prove ; ‘
k=2 k=2 - Solution. Demg , ¥ Ve it usj
"EAN'S Law : Let o, 1 truth table,
= 72 then (1) (AUB)'< At~ ps Amnhmyhnmu (PTU, Dec. 2008) i
- Z(2Z)k—1_2z=-—1—_1—2z= 2 (i) (AnB)'=A' Lp : TPty sets 5
1-2Z =7 :
B o = (6)i 5 - 0
47
& 127]Z[G(a,Z)—4]- 272G (a,2) = 9 1 gl t \
0
- 4z° Y 0 | aiNie -
1272 =4 + 8BZ + - 0
T From last two colum e -]

! 4 (1 -475?')4422 4(1—3Z2) (i) A B | AT 7
e o T
0 1
4(1-32%) 1 1 (1, g :
= 1
1) (2z-1)% (z+1) 0| o S
9 Since, last two columns of truth tah,
uth table
Q 21. Solve the followin g recurre,,
3 Cﬁrela i 1 -
S (k) -6S (k-1) + 58 (k-2) ot Wh::nlumggenerahng!uncﬁon:

Solution. The given recurrence relations be - SO=1,81)=2 (PTU, Dec. 2010)




Sik) - 6S(k-1)+b68(k-2 =080 =18(1)=2
Multiply egn. (1) by Z* and summing from 2 to =

78

_\: S(K)zX -6 an\' 1) 254 5254(1( 2)zk =0
K-2 k=2 K=2

-

- , e
Now, ¥ S(K)zK = [5(0)+S(1)2+ 3 s(K) 2" - 8(0) -8 (1) 2
K«2 | K=2

- )jsm)z"' a2,

K=0
=G(S:2)-1-2Z

x - x e K_l X K
Y s(k-1)z" =2 S(K-1)2*" =2 > S(K)Z
K-2 K=2 K=1

=Z|S(0)+ Z S(K}ZK—S(O) =Z[G(S:Z)—1]
b K=1

¥ s(K-2)z% =2* ). S(K-2)2X2 =22G(5:2)
K=2 K=2
puttm,rzc-qnl.’i;,“l)andf.‘ilmeqr'u);weget
G'S,Zf—l—QZ—GZ[G(S‘Z)—1J+5ZQG(S.‘Z)=O
1 5 -Z)[5Z2—-6Z + 1] =—4Z + 1

G(8:2) N e
B =7 _ez.1 (2-1)(52-1)
34 14
Z-1 52-1

8, 1K 5
- |

ARG Ll
51K;-+Z(1) +4(.}) =y

generating
( [

;aJ:();a.2=0;:13=6;a4=—6;a5=6;35=—6
U.x+0,x2+6,x3—6x4+6x5—6x3+ .....
e x axZ—xB. )

LOADD Discrete g

using the concept of generating fune timf (K) - 48 (K- 1) + 38 (K - 2) = K2, without

function for the sequence : 0, 0, 0, 6, ~6 6.

Soluton. Given, 8¢
The charncteristic !c:]r: ;Ul(.- 1)
i.e. a" — a1 4 Banz oﬂmb"
> a"% (a%—9a 4 ) -0
> A=]1Rg8
/ 8, (n) wa,
Now R.H.8 of eqn (2]?...' Pl;ll'. L
So let the trial solutipn hlh,
putting in eqn. (1) : we hl::.ft.h. rﬂll!(n)-.{
n(C,-fCZrﬂ—B[(n-l) C,+ ot Cym
Equating the coeffs on bot;l Cyn~ 1y +8(n
C;-9C + 18Cy + gcl_”cz_h’ have
~14C, n g

= C2 = __9_

14
Also, 9C; —9C, — 16C, + 32¢C, =

—nn"’qh_n-.’ 1

1§-~TC‘ +m

= 701 = —207 - -l
B Ve o |

. Complete solution is given m

S(n) =Sh(n) §'hﬂ

—

= ll*lﬂh"__;_n_l-_n_ 9
% 14"'

.

Q 25. Solve the recurrence re

Solution. Its h
PImogeneous recurrence relation be, (FTU, May 2012)

S(K)-4S (K- D+35(K-2)=0

So its characteristics tion
equal can be found
- ak — 4ak-1 4 3aK-2 _ by 5 (K) = oK

t>a}(—2(El""_tla+:'l)|=()__!_.,‘-l_a
Let the particular solu - Ay 3K o
[C,+C e
o e G BeL- 4101+ O (K1) 4+ Gy (K~ 1114 B(C, + C, (K - 20+ Gy (K-39) 0
o =

— OC] +02 (K—4K+‘+3K-—
>~2C, + Cy (~4K + 8) = K2 0+ Ca[KY -4 (K -2K + 1)+ 3 (K2 + 4 ~4K)} = 2



LO3DS [

' B8O i
®quating the like coeffs. on both sides, we h[“’“
~2Cp +8C;5 =0;—4C3=0=Cy=Cy=0
and C,; can have any value
Complete solution is given by

S(K) = S,(K) + S'_(IU =A; + Ay 3K 4 Cy
Q 26. Use generating functions to solve the recurrence relation
Ag + 3ag ; ~ 4ag , = 0, k > 2 with initial conditions a; = 8 and A =-2
Sequence which satisfies it. 3
Solution. Given recurrence relation is, 4

ag + 33)(_1 o da,\»‘—_. =0, k22
Multiply eqn (1) by ZK and summing from 2 to =, we have

o

Zaxzxisi ag_1ZK — 4 iaK_zzK=0
K-2 K-2 K=2

- = | a
Now, ZaKZK ='ag*a]Z*ZaKZK“‘aOalzJ
K=2 l K=2
= > agz¥ 3.22-G@)-3+22
K=0

x x 0 o o
ZaK-IZK =7 ZaK‘J 7K-1_ 7 ZaK zK _ Z[a0+ ZaKZ
=2 K=2 K=1 K=1

=Z[G(Z)-3]

225 =72 3 ay_,7K2 - 52 > agZ¥ =226 (2)
K=2 K=0

(5)in eqn (2) ; we have

[G(Z)-3]-422G (Z)=0

T Tk _[2 58
(1-2)(1+4Z) " |1-Z " 1+4Z
(4K = ay = 2 4+ (-4)K i5 the required -

ion from the recurrence relation
(n) where S (0) = 8 (1) = 1,nz0,

can be written as

om 2 to «, we have

e Pelation & L.

\\

) ‘-"”-"‘i"fn-uz- o .. 31
it e e %\\
2 .%W...
(57
ow S(“)Zn =i .
! Z’ [ sz, 2%»
2 ~a “"“-'mz\
Z q.),q-b‘.;ﬁ“‘ i
it LB
Y S(a-1)zn ,zis‘ T
= =z P Y sy
, it i
- 2|5 (0)+ > S(n)Z8gh o 5
E Z ZMP-..*-:;QQ:Z,_“ 3
ism—z)z“ =72 % i
S(n- -
= ZO AR e
=22G(8.7 L]
pmhnth) ‘ (3)and(4)ineqn(l’;“ L
G(S:Z)-1 —Z+Z[G(S:Z)-],]-y'(;1‘,t.'
(1+Z-2G(S;2) =l+2 561§, 1em
s2-72
Q 28. Solve the recurrence 7 ‘
a, =6a, ,~12a +8a, 2,23
Solution. The given remrre:nelﬁt-. "‘“‘-h-ﬂ.‘ . EI’IU,Dn.h'm
relation, the characteristic equation i.mh m‘-=“k‘“‘m
an — 6ar-! + 12302 — 8ar3 =
Le. a3 [ad — 6aZ + 12a-8}=0 Ry
> a*—6a?+ 12a-8=0 :(a—zi(;l-h.;g.-,g
» (a—-2)(a=2)2 =0=a=222 ST
2 =(C1+CuaCoutien i
Given, QG =3=ay=3= >y e
ay =4=543(C|+ s + = 4 +Cy=2
te Ca+Cy=-1 ) a s i tsng (1

C'.Z i 203 =0
on solving (2) and (3) ; we have L T R S
Cy =1 and Coma " 0T R
from (1) ; a, =(3~2n+-n’)!.'_hhxmﬁd' quired solution.

aléc A2 =122 12=(C) + 20, + 4094 =€, 4 2C, + 4C, = 3
e s



LQUESTION-ANSWERS—,'

Q 1. Show that identity element in a group G is unique. (PTU

£

Solution. Let G be any group equipped with binary operation denoted mul

and let e, ¢, are two identifies of G then we shall prove that e, = e
¥aeG,ae; =a (

similarly,

=+ e; be the jgay Y

a e, =a (- e; be the idep it
a.e =ae,

=2 Cli=—©o

[-- Left concellative laws hola
Identity in group G is unique. -

Q 2. Define normal subgroup of a group G. (PTU, May 2003 ; Dec. 2007
Solution. A subgroup N of G is said to be normal or invariant or self conjugate gy
of G ifgN = Ng ¥ g € G and it is denoted by N A G.
eg LetG=S; =i, (12),(13), (23), (123), (132))

Then, H = (i, (132), (123)] is a Normal subgroup of G

(0w, the two right cosets of Hin G are H, H (12) = {(12), (23), (13)}
0 left cosets of Hin G are H. (12) H = ((12), (23), (13)).

’ 5
y set G equipped with binary operation denoted multig

The element a jp (3 is
rse a and denoted by a-1
Further, group (G, )be
{0 be non-commutative. eg-(
1.va,be Latbey
2.vabecel (ayy
3.30 GIB.t.B+0=a+0+

. 0 behaves ag additive 1de'n:ity

4. VaEIB—aeIs.t.a.,.(
- —a bebavesaaaddiﬁvem‘:) =0H(__.)+.
5_Va,bel,a+b=b+a e

(I, +) forms g abelian Eroup

invt

Define isomorphism of groups (PTU, May 2007,20086, 2003,
Solution. Let G and G' he ’

any tgq |
Then a mapping ¢: G _, Y tWo groups, (PTU, Dec. 2007)

G'is called humgm‘_ s
™0 then. Tt ig cayeq hism 14 (ab) =

If ¢ is also I -1, then the isomorphism i mﬁe::om"mﬂm

c.g : The mapping ¢ g = G’ defined by $(a) _':?:’m“r?hmn.
t'a,beG,¢(ab)=e'=e‘,e'-=¢(a)“h) X reG

where e’ be the identity element of G

~. ¢ is homomorphism called zero-homomorphismy,

@ 5. Define semi-group wigh examples, (PTU, Dec. 2009 ; May 2009, 2004)

Solution. A non empty set G equipped with bi
a semi-group if it satisfieg followingtwu properties.

(a.beG ¥ a,be G(Closure'prope‘rty)
(i) (ab)c=a. (b.c) ¥ a b,ce G (Associativity)
eg:N=1{1,23, _ )formsa Semi group under addition

uperaItiun denoted multicatively called

Q 6. Define Eroup with example:
OR ]
What is a group? (PTU, May 2009 ; Dec. 2005)
Solution. A non empty set G equipped with binary operation denoted multiplicative
called a group if it satisfies the following axioms.
l.a.be GVa,b e G(Closure property)
2.(ab)c=a.(be) ¥ a, b, ce G(As'mciatively)

(PTU, May 2004)
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3.3 an element e G s.t. e. a=a=a.eforanyaeG
4. VaeG3Ianelementhb e Gs.tba'-—-ezab
The element e in (3) is called unity or identity
inverse a and denoted by a-1.
e.g. (I, +) form an abelian group, where I = set of integers.
Solution. 1. va, b e La+bel
2. Va, b,celL.(a+b)+c=a+(b+c)
3 H90elstatr0=a=0+a
-~ 0 behaves as additive identity.
4d Vael3—aelst. a+(-a)=0=(-a)+a
-~ —a behaves as additive inverse.
5.Va,bel,a+b=b+a.

Now U5 's the se
os of integers by 5.

of G and the elemenp b j, The composition ta}
S e e

class

Q 7. Define subgroup.
Solution. A non-empty subset H of G (group) is called subgrou
itself under the borrowed operation of G. {e) and G are improper or tri
all other subgroups of G are called proper subgroups of G.
e.g. Now Q c R, (Q, +) is a subgroup of (R, +) while (Q+
Q*cR. [
Because inverses of elements of Q+ does not exist in R.
e.g. Let n be any fixed integer. Now nZ = (0, n — n, 2n, —2n ..
(Z, +) whenn =0, 1-1.
egds =10, 1, 2, 3, 4, 5 is a group under addition modulo 6.
Now H; = (0, 3] c Jg further H, is a group in itself as (0) behaves as identi
3 has inverse {3).

- Hy is a proper subgroup of Jg.

(PTU, May o y
pofG if C]early I/(s) is clo,
vial subgro : SJ',mmetrical about main

- Further, the elements [1]
. I/i5 forms a grou

Q 10. Let G be any,
geuerated by a.
Solution. Let a be 3

» +)is not a subgroup

.)is a Prope

and
Further Hj = (0, 2, 4) c Jg. Now 2, 4 has inverse 4, 2. - His a subgroup
Futher Associative laws holds and {0] be the identity element. .. H, be the pro cyclic subgroup of G generat
of Jg. Cyclic Group 1 A grou
’ , G can be expressed in powers of
Q 8. If a, b, c are elements of a group G and a+b = c*a, then b = ¢?

IfG=<a>=Vxe@
- G=<a1>So acye
e.g 1. (I, +) is a ey,
Since every integ,
Similarly —1 can also

G and a#b = c*a

[Right concellatior Since O (G) = 3,
So G = <w>
Similarly w2 = w2«
So G = <w2> =
Hence G is cyclic.

group.

+ 8
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QlLletHbea =subgroup of G. Define a coset represen

OR
Define cosets with examples.

OR
What do you mean by cosets?
Seolution. Since

H be a =ubgroup of groupGanda e G
wn the set Ha = tha v h « H) is called right coset of H in G dete
and the set aH = jah h « Hj 1= called le

Now G = abelian. Ha = aH

Nowe v H His subgroup, a = ea « Ha
Furth G is & additive group
Then nght coset of H in G determined by a

H+a h+a:vheH)
#c lefl coset=s of H in G determined by a
a+H={a+h;vheH)

Now 5Z + 1

- -9, 4, 1,6, 11, 16, e = (50 + 1 ;G
5Z +2 = -8,-3,2,7,12,....)=15n+2;:n e Z)
5Z+3 = . —T‘-2.3.8.13,...!=f5n+3;neZ|
5Z+4 = | ~-6,-1,4,9,14, .....)= {50+ 4 ;n € Z}
5Z+5 =| »=95,0,5,10, .....)=(5n+5;n e Z

{hese are the distinct right cosets of 5Z in Z
Sumilarly difierent left cosets of 5Z in Z are

1+5Z =(1+5n:neN]

2+5Z =(2+5n:n eN|
3+5Z ={3 + 5n ;n eN|

4+5Z =4+ 5n:n eN])

¢ 5Z = (50 :n eN|

be the identity of S

inverses in S

be a group of integers under addition and 52 is a set of multiple of ‘&’

i . . ) LO3IDY Dlm-..

rmined by a.
fi coset of H in G determined by a.

uipped with binary operation denoted by * ggi

[Associative law

beg - awly
b -y
flence the result

Q 13. Prove lhll.v-p'

Wwhat do you mean "'M PV, D 5
gelie: N
* Solution. lmlﬂhu.n’ﬂ ; 2 & ryelie

By e
» subgroup of G. N""!mb I a m.
. IfH = el then H = cgy llh..-..“ “‘“h.-
So let us suppose that H » le) _.m .
]/.| Xee 4']“CG:!.0.60;?1
furtheras x € H, x-1 ¢ iy :”.l"m."
So H contains some g} with
Let m be the least positive %M‘
Now we shall proye that H « o .‘.'.'Ql
Lety € HfG =y-l"furl-.kul ks
Also a7 = al-mq = ak (amiy o ErE 1 where g ¢
I7Ut05r<mﬂ't'ariﬂ;_r-o".“.. fam
Hence k = mq themfnm, =gk o
amey
. H=<a™> = H is cyelie .m‘ll
Hence every subgroup of eyclic Broup is eyelie.
Q 14. Prove that for any
of M form a submonoid. Wﬁ-
Proof : Let (S, +) be any PTU, Dee. 2004
Let (M, *) be a commutatiye Ben 2 « S'in i b be fatna
elements of M and we want ¢g Prove that T "h"bh‘“m
want to prove that ¥ a, b T, a * eT _ Noweeze—eeT Now we
For this, (a *b) * (a * b) = .O(ho.).b_
=a*(a*h)*p ‘"l-.-nﬂ'-—-unnt
=(@a*a)*hep 't“;':-m"’
=a*h he .h Mm=ociative)
a*hiell 9 * & bare idempotent)
Q 15. L »
15. Let (G, lb?-mwlhg“d&m!:e-cutm-m
(a) Prove that f is bijection,
(b)

On the basis of part m.-dn-anu.nqm. um of integers.

Solution. (a) Let (G, ) be a group and a be any element of G
and f: G - G defined by f(x) = asx



lﬁ!ﬁ: D

¥Mx,yeGstf(x)=rI(y)
axx = axy
X =y [Concellation layg |

=

=

" Fis one-one
for any x eG, a € G = a™ x G as closure property holds in a Eroup s.{ flx)

.. fis onto
Hence fis 1 — 1 and onto .. fis bijection.
(b) Let I be the set of integers and define

f:I>Ibyf(x)=a+x ¥ xel,acl

¥xyelstf(x)=
xo=y oifisil =1
aclasy,ael=>y—-ael

fly)a+x=a+y

—

foranyyeI3y—
stf(y—al=a+y—a=y=fisonto.

= fis 1 -1, onto, thus fis bijection.

Q 16. How group theory is applied in coding theory?
Solution. Application of Group Theory in Coding Theory : By

we can find the solutions of so many coding problems. A coding problem is apro

used to represent distinct messages by means of a sequence of letters from
seguence of letter from an alphabet is called a word. A code is a collection of

represent distinct messages A word in a code is called codeword

three essential parts :
1. Source (Transmitter)
2. Communication Channel

3. Destination (Receiver)
A message or information ori ginates ﬁ'om source, passes over a com

(Source) (0001101)
Nojse —————
(Received)

0001001)
ommunication system is to minimize the distortio

in same manner. The efficiency of a communi

oder.

be detected,

orms the encoded message into it

b transforms the message in such a way t

Since, adata g
of error detection, w]
orrection has to be detees
Encoding Funect;
integer n > m and deno
number of 1’s in codi
By using the
9k + 1 can correct k
(ii) Group codes
code if [e(b™) s.t. be

corresponding to a

and d (x;,¥) = The
Also the welght
in B" and y. Lete den. t

Solutmn. Le
VX, yeG=
SoXy=am an

= Gis abelian.

Q 18. Prove
subgroup.

If Hand K =
G.

HnKisa subgrou
AsHc G, K
Further e eH




S0 LmQ T:'Q'

* H n Kis a non-empty subset of G.

¥YabeHnK=abeHanda beK

—ab.a'e Handab,ale K=abh,ale HN K

= H n K is a subgroup of G.

¥geGandxe HhnK=>xeHandxe K

Now ¥ g € G, x € H and H is a normal subgroup of G.

Exp=lc H

4,:geG,xeKandKisanormalsubgmupofG.'.gxg—leK
- gxg!e Hn K/[using (1) and (2)]
Thus H » K is a normal subgroup of G.

Q 19. If H is a subgroup of G. Show that HH = H. S
Solution. A non-empty subset H of group G is a subgroup of G iff HH —
Let H be a subgroup of G TP HH = H

NowvYheH h=he e HH(ase €H) ~Hc HH

further hy, h; € HH ¥ hy, h, € H Now H is a subgroup of G.
~hyheH>HHCcH
.. from (1) and (2) we have HH = H.

Q 20. What is a congruence relation on a subgroup? Explain. PTU
Solution. Let H be any subgroup of group G and define a congruence rel

¥abeHaRbeca= b(modH)c::sab—leH

(i) Reflexive : ¥ a €H as H is a subgroups of G . a-1 € H
~a,aleH—=aaleH=ecH
[-- His a subgroup of G . H is a group in itself]
NowaaleH —a=a(mod H =>aRa
-~ R s reflexive.
(ii) Symmetric:Leta,be H aRb—=a=b(mod H) = ab-1 ¢ H
asa < H, H be a subgroupof G = ale H
thus (ab-1-10eH = (b-1)1a-1 cH = ba-l eH
= b =a(mod H) = bRa
. R is symmetric.
"ll'I‘ra.nsmtwe Leta,b,c e H,s.taRb, bRc than we wanttoprove
aRb —Da=b(mod H) = ab-! € H
bRe Db=c(mod H)=bc! e H
= (ab-1) (be!) eH
as H is a subgroup of G]

qlill'*"':l

o mutually disjoint equiy

0(Ha) = O (H).

that, G decomposes
Le. m elements, if G

If H be a subgroup

Lemma 1 : IfH

lence relation on

Proof Let e len
_a=a(mod If) . Tl

> (ab)le H=
—b=a(mod H)

Further Let 3rx.
. :

="

From (1) and (2) ; H
Lemma 2 : Prove
Proof : Let Ha,
Define a map y
by ¢ (ha)=hb ¥
Now we want to

Thus there is an .:, 1

Let O (G) = n an
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Q 22. Prove that the Kernel of a Homomorphism f from (G, ) to
normal subgroup of (G, .).
Solution. Given. ¢ is a homomorphism from G into G’ with Kernal KT
prove that K is a normal subgroup of G. 1
Since § (e) =e' = e € K . K is a non-empty subset of G.
v ye K=oéx)=e'=¢(y)
Letgixy)=d(x)d(y)=e¢' . e'=e'>xyecK
"xeK Let¢(x)=[¢x)]-!=(e'fl=e'>x1ecK
K be a subgroup of G.
Let g € G and x € K we want to prove that gxg-1 € K
For thislet ¢ (g xg-1) = ¢ (g) ¢ (x) ¢ (g~1) as ¢ is Homomorphism
re ¢(gxg=¢(gle'd(gD=0¢(g)éd(g)=0¢(ggD)=0d(e)=¢
= gxg 1 € K . K be a normal subgroup of G.

Q 23. Prove that the set G = (1, 2, 3, 4, 5, 6} is a finite alielian gro

with respect to multiplication modulo 7.
OR
Find the multiplication table for G = (1, 2, 3, 4, 5, 6] under m
modulo 7. P!
Solution. Clearly G is closed under multiplication module 7 and also tab'lé S
about main diagonal .. G is abelian and also associative laws holds. :

module 7

N'le—lm;nm
=l felwn oo o

3
3
6
2
5
1
4

Wmmm»—-.p,p

SR ST O (ECY IFRC) )

2

2
4
6
1

3
5

1

2
3
4
5
6

ave as identity element of G.

up of order 6 under multiplication modulo 7.

G =11, 2, 3,4, 5,6 under multiplication ,
able of G.

encrated by 2 and 3.

G=11,2,3,4,5, 6] is given ai

3, 4, 5, 6 composition table are 1, 4, 5, 2, 3, 6 respectivel

) Since 2.4 =1 (mod
also 6.6 =1 (mod ”
ie. 271=4;31=5

() Since,21=2,2%
group generated k
and group genera
[-- 31 =3 (mod 7)
34=3(mod 7); 35

(d) Since O (3)=6
generated by 3 i.e

Q 25. Define semi grot

Solution. Monoid : A n
Monoid. If it satisfies followin
1. (a*b) *c = a* (b¥*c) V ;

9 foranyaeAdee

e is called identity el

e.g. The set N of na

by x*y = max [x, yi is fo
vx,v,zeN, (x*y)*
Similarly, x * (y * z) -

and

e.g : N = {15253
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Group : A non empty set G equipped with binary operation denoted mulg; .
a group if it satisfies the following axioms. P! Cag
l. a beGVa,b e G (Closure property)

2.(a.blc=a.(b.c) ¥ a,b,ce G (Associatively)

3.3anelemente eGs.t.e. a=a=ace for any a eG elements of G, group g
4. VaeGIanelementb e Gstba=e=ab ”"t'h b2y, h"mplndhg.
The element e in (3) is called unity or identity of G and the element |, in (4 ﬁ":z erae be any ldent]ty “G':le

4 = a=ae aa=gy ¥

inverse a and denoted by a-1. Sl = .a=
Similarly b = : ““'Hu.ﬁn.
e.g. (I, +) form an abelian group, where I = set of integers. (1= C 1 ldenmy of G gJ; left

~ Our suppositign is Wrong, Ty, ‘(';
- Thus

1. Va,b eLLa+bel a=bbuty
and b
2. \"a,b,ceI.(a+bJ+c=a+(b+c) Q27.Letcbeaﬁnit°gmupwith 5 i
3. 30elst.a+0=a=0+a a eG. id,
~ Ans.Letheaﬁni

. 0 behaves as additive identity.
4. Vael3-a €lsta+(-a)=0=(-a)+a
-~ —a behaves as additive inverse.
5. Va,belL,a+b=b+a.

te gro,
Consider the sat § _ (a, azu :'av Sais

as G is finite SiSalsoﬁni ¥ e l:»ScG
Let al = aj Where j « j Let i
= gii=e - 3&+Veinte eri

>l =ijsg
—J When rg;

3 Lo 4
Ring : It is the algebraic system with two binary operations denoted 4 ang ordering principle setofithe i“teEEl'smuth:l:ed nm""fa-ﬁvgidgnﬁt,ehmm _
: . : - A integer s.t an = e. ema“md!ment_la --b!fvell
A non empty set R equipped with two binary operations denoted addit; nhmewmﬁ“
multiplicatively ‘.’ is called a ring and satisfies following axions. ¥a,bn,ceR Q 28. Let (G, o) be a Eroup. Shoy, that -
(aob)?=a2o0 b2, (Gio)l!ﬂnabe[in 2 g
lLa+beR mnpﬂandlmlynt
- Ans. (ab)2 = a2h2 (PTU
2. (@a+b)+c=a+(b+e) TPG ; 3 »Dec.2010)
= ab ab =aabh -G. is abelign
3,ForanyaeRSOeRs.t.a+O=a=O+a B bab = app,
4. Foranyae RIbeRst b+a=0=a+h = ba ~ab — g b
= T
5.a+b=b+a Conversly : G is abeliap, ie. ab:f,a T;n(amz =
G1ab <k Now(abiEs ‘ab)(ab)=a(ba)b=a(ab)ia;(aa)?b: bz
7.(a.b).c=a. (b.c) )=a2h2
8.a.(b+c)=a.b+a.c(Distributive law) Q 29. Let G be direction ETOUD of two by two S alh
A ring is said to be commutative or abelian ringif Va,b e R, ab = ba. . matri TR

.g.  U<4> = ([0], [1], [2], [3])

a 0
posite table is given as under : ad - be <0SSE RIS {[0 a] : a*o}

- Show that H is anormal subgroup of G,
4 0] 11  [2]
[0] [0] [0] (0]
(1) | (0] [ Se]
[2] [0] [2] [0]
(31 [ 01 [31 [2]

(PTU, Dec. 2010)

3 R ()
Solution. Clearly [O 1] €H - His anon empty subset of G.

1
a 0l|b 0
¥ {0. aJ’ [0 b] €H. wherea#0,b+0

StaOb()_ab()H[ RS0 iatah
1o allo b|T|o ap|SH[asa#0b#0ie abx0)

and -modulo 4. Also it symmetrical abou
commutative ring with unity [1]. Now

integral domain.
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a 0 1[a 0] |a2
Let A = eHstA1= — = a |[eH
0 a a2 |0 a 0 =

[asaxo,%:oj
a

- H be a subgroup of G.

a 0 a b
Tt T = e €H,g= 2= erherea;to,ab;eoaq_dg

hl_1ab4510d—__:410
lggﬁ_ad—bccdﬂa—ca_-OaEH

- His normal in G.
Q 30. Suppose f: G — G' is a group homomorphism. Prove that
f(al)=f(a)l ]
Sclution. Iffis a homomorphism from a group G into a group G'. Then f(e
e’ are identity element of G and G' and f(a-!)=[f(a)]-! ¥ a eG.
Proof: ForanyaeG,a=ae — f(a) = f(ae) and fis Homo.
f(a) =f(a)f(e) So f(e) be the identity element of G
f(e) = e’
Fm second part we have aa-l = e Va G
f(aa-1) =f(e)=e'= f(a) f(a-1) =
~ by def. of inverse in G' we have f(a-l) = [f(a)]-
Kernal : If f be homomorphism from a group G into group G'. Then |
denoted % and given by F:
k=(x,xe G:f(x)=¢

Q 31. In any group G, prove that, (ab)-1 = b-1 a-1 foralla,b e G.

Solution. Since (ab) (b-1 a-1) = a (bb-!) a-! = ae a-!
= aa—l = (-._g,:
o (blal)(ab) =bl(a-la)b
= b‘l

[by d

. H is a group of itself.

in its

(- of existence o

Theory e
_able HVa, b1,
conversely : V¥ a,
Now a,a € H= n; P
purther e, 3 € H= o,
Let a, be H= a, b ?
Also associative law h
elf. c !
Hence, H is a subgroy
Q 34. Is the set Z of

p. Justify your ansye,
So]utxon. ¥a, be I

. T is closed under su

a, b ce I X
,'L a—(b—e) =¢
Thus, Z is a semi-grou
Q 35. Give an exjm'; '@-
Solution. Non-abelja,
Let G=1{%£1, H, 1, :i:k](;
2= JZ =kZ2=_1: 1] _._J

Composition table \
+1 ..13‘.3
+1 1 -.]_. in
=1 =l i
i i -
= —i S S
= = i
k k| =kl
“k I k 1' 7

Clearly G is closed underm '

The inverses of +1, H, 4
Clearly ij #Ji .. G ig non

Q 36. Letélbethea diti

by f(x) = 2%, x € £1 is a gry

Solution. f: 21 /1,

¥ x,y e/l : 7
f(x-i-y)—\

- fis homomorphi m o

1-1: ¥xyeéls”:‘

. Fis =048

Thus fini]es llandhup
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QUESTION-ANSWERS

Q 1. Define multigraph. PTrr o
Solution. Multigraph : A graph (V, E) having either loops or multiple ada =
called so. e.g - As there are two edges between c and d and there is a loop at yvertes

Q 2. What is indegree and outdegree of a graph? (PTU, Dec.2

OR

How you define degree in a graph?
Solution. Degree of vertex : Degree of a vertex v in a graph G is the ny

incident on v, written as deg (v).
e.g. degree of each vertex in Fig. (i) deg(a)=1, deg (b)=2,deg(e)=1.

a

b c

d graph, degree of a vertex is the sum of
f that vertex. Outdegree of a vertex v is the

e terminal vertex v. A vertex v with
d a vertex v with zero outdegreeis g

1, 1 and outdegrees of a, b, c are 1, 13
98

vertex is v and indegree of a vertex vis E

Solution. Pagp, 3
apd edges Ivg, e,
Such a sequence g
Further, Numbﬂ'or
path i called ‘Simple P,:f"
Cycle : A clogeq path i;

Fig. (i)

Fig. (1)is an example o 5 i
is no edge between vz and v; ete. fig. ﬁ‘ﬁ")li:z:z'\rgqy‘e‘,aﬂzg;i_}
Q 4. Differentiate betw%na . o Evenby vy ey, v, ;:ﬂtlm.
: direcy P 2 €3, vy}
Solution. A graph is congists (l" 1
obtained by joining certains vert 2% herey . o

-a set - .1

Example 1:IfV = (a,b cllmE W‘mihmg(\r"mv and a get of edges B

of vertices, does not matter il;E' =(a, b, (b, ¢ MNPEW'BE})
~ » ilam“‘m

E order

Example 2 : Given v =

: {a, b = ’
vertices in E matters, T ESIE b), b, c), (c,a)) and (V, B) is as under, order of
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Example'S : Given V=g, b, cl, E = {(a, a)l (a, b), tb, ¢)] then (V, B)is : Degree seq. of
Vi iy and (2), (1, |

PEES X T (l s
2 v For  ThereiRgl
So, two grap
' 4 Q 8. Define
b c
Direccted graph

Example:IfV={a,b,c], E={(a,b), (b, a)l and graph (V, E) is as

a
';9
b

Directed and Undirected graph

Directed graph is a graph in which all edges have some direction. In such
e=(a, b) an ordered-pair. Vertex a is the initial vertex and vertex b is the term
edge (a, b)# (b, a). Otherwise graph is called undirected and in undirected gra;

@ 5. Define a simple path and a trial in a graph.
Solution. Number of edges in path is called ‘length’ of path. When all v,
path is called ‘Simple Path’. If in a path all cdges are djstinct then it is c'

eg@vlsatnwalgraph

Q 6. What is the trivial graph? ' (PTU, Dec. 20
Solution. A graph having one vertex and having no edge is called so.!
e.g @ vis a trivial graph.
Q 7. Define isomorphic graph. (PTU,

lution. Two graphs G (V, E) and G* (V', E') are said to be isomporhic;
ndence f: V — V' such that (u, v) is an edge of G iff [f (u), f(

L)
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Q 10. What isa cvele in a graph?

Solution. A closed pathis called a cycle if all its vertices are distinct excepty. ko
In agraph is a circuit whose edge list does not contain repititio b

ne.g. {vy, e, v N
a cyole. b b v

For example :
A

;I(G)aa
B C

Q 15. !)iﬁerentiatebet'emn the
Solution. If G be - Tay 5 - multigragt, G . 3 PTU, May 5
= e of a vertex is the sum of o L d edges (Vo, €1, v, &5, V2 €3 v,, ﬂﬁ"""""‘"'ﬁ! »May 2007y
of that vertex Now ind is the number of edges which haye i = Such a sequence is caljeq ‘Pa;;vﬁ wv;_,, Vi o € vl %m
e.g. Note : Number of edges in paﬂ; i';z‘;h’ 'ﬂhﬁ'-.m Ve s
v,

Qs -Ms _’“‘J.
th-S called Sunple Pat‘h!' Ifin a M? : a - :
pathi Cycle : A closed path ig wp:&wm;dgmm ! h-'&_-'et&_:‘m

AB + CD + F/ #*DE* +

Ve Bt e : v,
V. .
1 e, 2 v V.'°—~—-~‘~v.z
v, V3 % = Ve
v o
Here indegree of v, = 2 e e W v,
Indegree of Vo =0 Fig. (1)
Fig. Gi) e
Lndegree of Va3 = gL F‘lg (i)is an ex'ample Ofa. paﬂ] {Vl elvzavseav‘e‘va m‘ﬁgﬁ}- iy
Q 12. What is connected graph? (P'I'U, is no edge between v; and V5 etc. i ‘ﬂ*l"ﬁuh
Solution. A graph G is said to be connected if every two vertices of that graph hay, Q 16. Define Hamiltonian cyele,
between them. Hamiltonian ¢ Do (PTU, Dec.2007)
a b each vi:::;l:ﬁhe graph ex&ﬂﬂ;}zzlé ‘!.’.‘Ixtclesp:the Initial vertex appears asmmdhﬁm:“;
terminal vertex. ® oy
e.g.
) /1\ B C
e
c o g
- State Euler’s formula for connected planar graph. F E D- : S
n. Euler’s Formula : Let G (V, E, R) be a planar graph with Vv, ] . . ! i
and regions respectively then V-E + R = 2, It contains Hamiltonian cycle ABCDEFA. _ o A
omatic number of a graph, Q 17. Postfix expression for the infix expression A+ B * (C + D)/F -\-!!‘ = S
OR pros ] 9)
(PTU, Dec. 2009, 2005, 200 Solution. Postfix expression is given by 3
r 3 (G) : It is the minimum number of colors f o7



e Trees & Graph T
OR ' - Q22. o
d What is the chromatic number of K, 7 'U, D, .

’ <y m: ! Eulerian
Given vertices Vi Vy Vg Vi Vs Define foll
decreasing order of degrees 3 3 8 2 2 Euler grap}
Colors a b b h Solution, A

twice. It m N8, o
Eulerian Cip
v, v, Example
LA V. K, Vs

= x(G) <2 also V,, V3 are adjacent .
- X (G) = 2 = Chromatic number.

. atleast two color are req\lfred hy

(1) Here every
no path which contai
(11) It is Hamil;
it has vertices B,
- There can be n

Q 19. State Euler’s formula for connected planar graph. )
Solution. Euler’s Formula:LetG (V, E, R) be a planar graph with v
u(w:'rﬁnes,edgesandregionsrespectivelythenV—E+R=2. .

Q20. How many edges are there in a graph with 10 vertices each ¢ Example 2y

ie. IdegG(v)=2IEI

where |E| = No. of edges in G.

Le. 10x6 =2 IEl = |E| = 30.

Q 21. Defire a tree.

Tree is a graph which is connected and has no cycles.

(1) It s again
Q 23. Define =
directed graph.
Solution. F
the directions of the
Rooted tree i
all other nodes h:
external node or le
orinternal nodes.

b



Q 25. Using _
\he shortest path fro

Solution. Let S be
ncluding source verte
— (i) S

Here vertex c is
ices through this ver

(ii) S

Here a is nearest tos

(iii) S
‘8, ciag
Here b is nearest
v) S
‘s, c,;afb}

26. Suppose a E
has a cycle.

- mﬂlnl-' trees -
- numum w
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—
Starang mwom Vertex a

@ vertex b, Now let us delete those odges from two py o & Graph Theory o
which are identical ie. ife; =o' ; G = e'g; ... e = @ 7 =
but e, = €',1 so we delete (ey, ..

ash ei) and (B'], SAvany e.l) from Pl and Pa. -
S assume that the new path starting from vertex a', let ug
which is starting with vertex a* and ends at vertox g therefore every graph whj
distinct paths must have a cycle,

~ Example 5.0V e fg )

Q27. Give an example for simple graph, non-sim

ple graph, multigry

graph, weighted graphs with diagrams. PTL
OR }
Define weighted graph and multigraph with examples. p Multigraph : A graph

Solution. Graph : A graph is consisting of two sets : a set of vertices V and 5

E obtained by Joining certains vertices of V. And it is denoted by (V, E). ;
Example 1. 7/'V = /g, b.cl, E={(a, b), (b, c)} then graph (V, E) is as follows ; )
vertices, does not matter in E. 3
So, graphs without loopg
vhile (iv) and (vi) forms a m
b 2 ! Directed Graph : It
Fig. (i)

Example 2. IfV=y v 1), E = gthen graph (V, E) will be as under - order,

S vertices are assigned data of
Fig. (ii) Agraph s called Weigh
e 3. Given V = {a. b, of, E= f(a, b), (6, o), (c. all and (V, B) isg) value w () called the weight o
% a
b > c
Fig. (iii)

= ffa, a), (a, b), (b, ) then (V. E) is

In this weighted graph
Q,a

Q28. Let T be a binary tree with n vertices. Dete

in tree. ;
Solution. Since T is a binar,
- each parent vertex has atr

In a tree, we have'\‘-hm? ype
Let



frees & Graph
Q 30. Suppos
nvertex utov, ¢

110
n, = no. of nodes having degree one
ny = no. of nodes having degree two.
fro

dges connects (e + 1) -_g‘!

Solution. We k
cated vertices within g

n=ﬂn+ﬂ|+ﬂ2
reil;nJ, 1 because the

ving e edges, now these e-¢

Let the tree T ha
Thus n=e+1
Further all these edges are coming either from nodes of degree 1 or
e =n; + 2ny n ¥
From (2) and (3) ; we ha:re ath. AS l;here by on;
n=n;+2np+1 m.caterthanm—lhe_n
Q31. Wh_at is
an Eulerian circuitif an

n =n1+2(n—n{,—n1)+1::n=n1—2n0+1

From (1) and (4) ; we have
.. number of leafs in a binary tree
— nodes of degree one =n; =n + 20y — 1. "
Prove that an und
and all its vertices
Solution. Eule

twice. [t means, edge list
Eulerian Circuit

Example 1..
Ay

Q 29. Show that following graphs are planar.

A
e ZEBN

(a) Here IVI =5; |IEI =8

and IRI =5
Now |VI — |IE|l + IRl =5-8+5=2

.. Euler’s formula satisfied.
Further for a planar graph |1E| <3 |V -6
ie. 8 < 15— 6 = 9 which is true.

A
Y

Also for a planar graph, we have 2 |E| >3 |RI

ie. 2 x 8 > 3.5 which is true. .

Thus given graph is a planar graph. s
(b) Here, IVI =8;:|El =12; IR| =6 y

Now, IVI — IE| + IRl =8-12+ 6 =2 . Euler’s formula satisfied.

(i) Here every vert
no path which contains vel
(ii) It is Hamiltonian
has vertices B, D, E, F
There can be no Euler p

Example 2.

(i)
(i) It is an Euleri:
(ii) It is again Eu
For a connecte

Futher for a planar graph |E|l <3 I1V| -6
_even degree.

Le. 12 < 3.8 — 6 = 18 which is true.

Also, for planar graph 2 |E| 23 |IR|
1.e. 2.12 > 3.6 which is true.

Hence graph is a planar graph.



J )

J (i) In fig (i), Graph is Hamiltonian as it contains Hamit

&hi-lm‘th-uﬁiu’B,D,ZFvﬁd:hmodddagm&Som
| degree - There can be no Euler path.

(i) In fig. (i), Here every vertex is of even degree. =~

s there is no path which contains vertices exactly once-

' Q3. In each of the following expressions, what is the ¢

/ term whose exponents is 47

It is Euleri:

G (1 +x+x2+3%+ 9P

Gi) (1 +x2 432 (1 +x+x%)
Gi)(I+sx+22+x% x5 % .
Solution. () (1 +2 + 22+ 3%+ 2P =[(1 +0) (1 + 15 + XP °

eoefficient f x= 3+9+3=15
X2 =[]+ 3%+ 2" + 222 + 22 + 22%] [1
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Boluﬁon.Ietheawnnectedgmph(gmgn) . -
To prove : G has a spanning tree A
meppose that Gbal'r-cycles.

that all

Nowletus

S

- G - [e) is a connected graph with edgesfewetthanG

tree of G — [e) is same as that of G, hence
connnected graphs.
grnph G has ampannmg tree.










Ste) < : of G in order of increasing weights.
e p 2. Starting only with the vertices of G and proceeding seqt
does not result in a cycle unti n — 1 edges are added. .

Step 3. Exit.

reasing weights and then we

Sol. First we order the edges by inc

without forming any cycles. Until five edges are included as folows :
fbagessy - B@BD. AR DF BE. CE AC
Weight

S E R

kal algorithm : [\%g'l_:-G be a connected weighted graph with
ge the edges of%in order of decreasing weights.

ove the edges sequentially one by one so that the grap is

ges remain. o : -
: Find the muu“gml spanning tree of a weighted gra

A 2 O D 1 G 57
1] 1 2
2 JE 1 H.
CA
1
0 3
F QT

Q43.Let G
~m. Prove that
Solution. W

and Gy, obtaing y
the graph obtained by
number of com Y s

Tadunbinn TIetN



- Q45.Co
| 3),(3,2),

(i1

1 Camera
axy A31










d Camera
axy A31






